Lecture 17 Kernel T\neory

Wit kesnel Y\‘&Se TeﬂreSS'l'On (KRR}) we \earned three concephs:

\> Primal oand  dual %wmu\ah‘oﬂs c{- a wodel

— Primal fovmulabion expresses the wodel in tewms c% 9 € R
— Pual foxmulabion uvses & € RN (N & size & 1“0‘“{“% d“'}c"g@%’);

ond does not o\e\?eno\ on the value d ‘q’

— Both Lormulations ave ma\'hema«’cfca\\\xj ec(mva\en‘l‘

o Primal gor\mu\\ah'm \s Use'Fu\ i N> 4

> Dual dLovmulahon is useful i 4> N



Q> We introduced Kemnels K (x,x") thot allows uvs o let d—=> 0 without
explicitly govmu\a’dn% an infinite vector of mon-linear l‘ransfoxma{'\bns g(&)

o The dual ?ormu\a\ﬁ'cm IS Pq{{—n'c_u\a\—ly vseful  when using kernel wmethods, since

the dimensian o(:- Q in te Fﬂmal {ormu\ab'on cauld be very \a—rge

D  We con diffevent loss Lunetons (and included Ll-reau\ar{zah’o—n)

e KRR wmakes use OF sa[ua-reo\ ecror \oss

Loss




Kernel theovy

Adets loock o bit ¥ynore into kewrnels

— Kernel was defined as \oeina ony Jonchion  that takes fn two orsvmenb

and veluwne o ccalar

positive sewm - def\'rﬁ te

— We also sussseshacq Yhat we will veshriet ouvselves o PSP  kernels

— Vanilla kNN —>  kewvnel kNN (Pro\r\'o\es o Var\'e\'\_.s og Aistance meV\'CS>
o Recall that vanilla kNN consbructs P-re&fch'cm. —eor x, \:7 {-qkina

. - « » .
the average oY o wmajovﬁcy vate among He k nearest nelah!oou*rs

¢ Tn its standord form, “nearest” was defined by the Fuclidean distance

!

« Fuclidean distance between & Foihh x and x' H’i" 5'“,_

—



Fuclidean distance between & Poihh x and x' “X"E,Hg_

« $iace Euclidean distance is pesitive ,  we can consider squared Euclidean

distance instead
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For many kernels,
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kemcl)

— s term is wove

I
IR
IX
4+
X

IX

I
L)
X
bal

K(x,x) + w(x’ =) - ar(x,x)

I

— e . - ‘m’ceres’dna
this tewrm K(x,x') lakes
debtermines howo a large value
close ony hwsa peints are W %2 ond x/ ave
cloge

e In kernel KNN K.(%,X") con be *reP\aced with ony PSD kerne)



e How can You use vanillat kNN  wheve EFuclidean distance hos vo ratu~al
W\eoning?

Exomple: Disteance between wovds which fef\ecf senbiment

Wovd Sentiment — What could be the label for “ horrendous”?
Tremendous Positive
-Hcrn'-(lfc Nesa'\’ive — One vnaa \"’n’h\ﬂ a@ Conver{'iha {‘Q\e inPu}- SFQCG.
Oul—roaeous Negative o nowbers fist and then ovse Eupdidean
dis tance

A = Horrendous
k: A N Posikive. — An easier ooy o compave s usnng} -ﬁ)r ex,
Levenstein distance (LD), ohich js +he

K= 3 —> Ne%ah\re numb er o ginale-charac&er edits needed to
bonsform  one  word CS"n’iha) wnio ancther

S\
® One con cons‘h‘uc’c a kevne\ as \(_(5,3') = e"f’ (— (LD(X,X)) )
2L

‘o \'m‘ﬂemen’c kernel kNN  (instead of vanilla kNN>



Lessons learned about kewnels so fax

e A kernel defines how close/simi\av any twe points are

Yhan 2¢.

=
— I¥ also \'m‘:\fes bhat predichon ?(?_(_*) is most influenced by the
\:‘raihiﬂ% dato Fofn\'s Yhat ave closest to X %

— Thevefore, a kervnel P\a\/s on {mPcrrl-anl' vole of Ae‘cevmini\ng the
individual  influence of each l-ra'mina date point  whea waking o

pYed( cHan

T
® No need to bother about Fuie inner P'roclluct g(&) g('&') once we have
introduced the kernel = (%, %)



Lessons learned about kernels so for

« Choice o{—‘- a kernel corresFonols to Ffeﬁs'rence Lo certain types
of ‘@und-\’cms

— For example,  the squared exrponential (ov RBF) kevne

K(z(, _&) = exp <_ lla-—z’lli)

Q"

im?\\"es o Pve{»@rence Ror sweotn LuyncKoms

— In Prima\ Pownu\q\'\'an, we cheote ’eedl'u'r‘es g(’g_(> (.D]r\'\'c.\\ Wil
veflect Yhe type of Wonsfsrmabions we want to intreduce. This

chorce 1s vefected o seme extent in c‘noasina kerneld in the Jduwal

Do raulation

A machine \eomnin% engﬁne@v must cheegte oo keynel mise\\j andl

should wet simply vesort to ‘default’ choices



lohat oare valid choices of ]«evne\sz

We already know that kernele ave o way %o vrepresent mon-lineow fLeature

bransformation @ (%)

K(x,x) = @) @ (=)

—

* Question: Does an ar\d\h*ory kevnel  ko(x,x") always co*r*resPcmd o o

$eature hrangformalion Bx) 2
— The a(ues\ﬂ‘on s ‘;rima\"\\\/ o(l Hheovretical mature
— Practically, it makers very less  whether a kewnel KU(%X,2’) admits o
Loctori zahon K(x,x’) = g(a_()Tg(Z') or wokt

— Furthermovre, Ythe Lacrorizabon has wo direct correspondence  to how well

e kernel will Per{‘-m'm in terms GF Erewn , which skl hos bo be evaluated

US\'Y\% croes -validabhon



Queston: Does an av\o'\hfary kevnel  xo(x,x") always co~rres‘>a~nd o o

feature hransformation GCx) ?

Answer ¢ Yes, if tre kernel K(x%,x') is PsD (POQ]HVQ Sem;‘deﬁ“”@>

(ha necaa'Hve efaen—-va\uf's)

Recall Hrat a kernel fs PSD if the Gram wabrix ﬁ(?__(__,;() 1s PSOD
k= any X
e Tt holds that any kernel K(%2,x’) thalt s defined as an inner
Pvcclucf lbbetween Leature vechsrs 4_8(3_0 e always PSD

\((?_(,3/) = _@_(3)“'9(’50 <.) .> < innevy
- <¢ (.5>} ¢(£r>> Fx-oé\uc.’c

lnnev [.woe\ud:
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Lealure vecksr PsD



Queston:  Does an ar\o'\hory kernel xo(x,x") a\uoays COTYQQPOY\d o o

feature transformation Gx) ?

Answer Yes, if the kewrnel w(x,z') is PsSD CPOS"HVQ semi—deﬁn‘|+@>

Cne negatve e Cg@n—va\ufs)

o Tt holds Bat any kernel KCES,?S.’) Yhat s c\e(:*l‘ned as an  innexy

P“f‘ociUkC‘T lbetween Leature vechors §_5(’_<> ia cx\uoays PSD

¢(2—(> th\ef PTodua.t § K(D_C, 3_(’)

—

Reature vecksr PsSD

« The other direction alzo holds bue, that s, Lor any PSD Kewe| K (%, x")

J

there a\ways exist o Leature vector F(x) sguch that K(x,x") can be

wriken as ik inner PY‘OCA\AC*‘

LIESEE w(x, x")

\.:\,_~—J
Peature vecter if PsSD




o The other direction aleo holds h—ue) Phat \‘s/ Lo any PSp kewvnel KC’S,E')

there Q\UOGYS exist a Leature vechor ng) such Hiat K.(x,x’) can be

wriken as ik inner Prociud-

G < w(x, %)

S~

feature vector ¥ PSD

e Tt can be shown that Hor any PSD kerne\) it is Pogs{ble o conshkruet
o funchon space, wore S\:eci{?.\tq\ly a Hilpert space,  that is s‘zqwnecﬂ b}/

o feaqture veekox _g_l_fgc_) s. . K(x,x') = Q(E)TQ(£'>

— Thevre are vou lbple ways o construct a ibert space  space sPem'r\ecQ
\oy g(z) One o@ the Woy < s usfha the <o-called reProclucing

kernel Wilberk space (RKHS) quPi\r\a



A byief introduchon to Reproducing Kernel Hilbexrt gPaces (RKHS) [D‘\sressfa\'\]

- Buclidean space is o space & veclors equipped with inmer producks

belween veckors

/'7 Space CQ— Lunchons with Jnner F'rodudk'
* Wilbert space is a 3enem‘lizah‘oﬂ of Fucdidean space to funehons

(which can be treated as infinite dimensional veckws) - Tt allows innew
product between Punchions

« A Wilberk space H s called the RKHS £ there exists o kerne)

K-C?S,E/> ik Hhe Y‘e\)fcd\ucina \D"mper\-\d Hhat
) = 30, (, 2D> ¥ ek, ¥x

— I8 we set £() = k(- 3_()) Hen
CRCH x), KE, 5')> = w(x%,x')

Ths ve‘;\'od\xcina P-ro‘:eﬂnj 12 the wnain \ou‘\\g\m% block o§- RKHS . This KXHS

s S\oaww\ed \;y Phe CoYregPo'Y\A‘\“d Leature f(i} OG kemel w.(x,x)



Question: Does an ar\o‘\hrary kernel  ro(x,x") always cavvespcmd to o

feature brangormation 2(9—0 ?

Answey Yes, if tre kevnel K(x,x') is PsD CPOg"HVQ Semi—deﬁ’fﬂ@)
(‘r\c 'necaa'\-ive e\‘gen-w\\ues)

nner product
@ (%) \ produet ke (x ®) B < (& %)

————————’ — \T\___,._,_J
fLeature vecksr PsD Peature vecker if PSD

(spons a RKHS)

« Kk given Hilbert space uniquely defines a kernel, but for o kemel
there exists wmultiole HMlbert spaces which CWTeSponcl b iE

B, T !

E-q. K(x,x’) = = x
Peature vecter \
hs) w (¢, x") / N

ans R
<S? " ¢(X)= x. ¢a(3> = [Z/ﬁj\
(X

i PSD ==
& (%) / ( one- dimensional) (fvo-dimensiona))

Peature vecker



Examples 012 kevnels

¢ iin ear IJkevnel

¢« Simplest kevnel
k(z,x') = 2'x" + ¢ P

/ °* Used when the numbenr o?
hyper pavameter features oarve q\feadg \arse
. rPo\jnomto\ kernel
d-1

K-(’_C, 2{’) = (ETZ'—F C> « The Po\snomfa\ cozr*res‘:cm&g bo

’\7 a -(!m'\]-e-c;\imensfo‘nq\ Peature
"‘YPe*Pafame’f’er veckor @(x) of wonamiale vp ko

oxder d-1

s L& \'\YF@'rFq'YaW\eJt@T
(called \er\g\‘hsca\e)
2
K(‘Z_) 2_(') = EfF <" nl‘l/nz> e This ke'rne\ has a loaa\
247

nabture because
K(x,x') 2o as Ilx-x1->w

« Squored ex‘ymen\'fa\ (RBF) kernel

Commm\y vsed kernel
¢ Lnfinite - dimensional features



« Matéva Pamily of kernels
Modified Bessel unchon

>/
(% %) = a7 (J'i_v-n?_(—;(l\z) 5 (E‘-J no_n—zu>
L

/\' (V) Q9
G owmma woith hHFerParame\-@rs L >0, NDo
funchon 1 smoothnese

?amme’r@r

exranen’n‘al kemel
Vzl = k(x,x") = exp _Ix =Xl /
2 ? f 9
00mmm1j _ 3 n ) \/§”X _ X!||2 \/§||X _ x’||2
vsed V—§=> k(x,x') =1+ p exp | - - ,
V= > = k(x,x")=[1+ V5l = x'll> " SlIx - x'II3 ex _\/§||X - X[

As v —> oo | Matésn Kernel equa\g squqve& exPonen‘Ha\ kernel



Rational Quadvatic kevnel

- A

K(Z(,Zl) = | + “7—('?(-'“:— L>°] \nyFerpa'rameTPr
Qo l” a >o

gqua'red escFonen\-\‘aL Matéyn, and rvatonal o‘uadmh'c kevne) oare

erawmples of cstabionavy kewnels — gince they are Lonabons o (2@—3’

An @uccx«m‘;\e o?- noa- PID kewel s the SIamoi& kevne)
(x,x’") = \-an\r\(az(_Tv_(’-\-\o)

a>6 blo

e

hy?@r‘;amme*cﬂ



Technigues -@o*( ccms\'ruc’n‘n% new kernels

Given  valid Kernels 'K-] (= ) 1') ond k;)\ (2(/ ?i'> >

new RKevnels e —%\\owina UDO\Y$!

iz, x’) = < k&x,x)

I

f(x) w(x,x") £(x")

I

9 (k‘ (5,5')) whevre

c >o

you can conghruct

ic o constank
;?C’) = any Lonchon

q() IS o Fo\yv\om:a\

il man- ﬂeﬂq’ﬁve coe fficients

il

exp (1, (2, %))

(X, 2) K (,%7)

]

e (z,2) K, (x,2)

\

( Addihon )

( Mo (le 1‘Q04‘\'0h>



[ ]

Kernel -based C_\assiﬁ'mh'oi

°® To obtain a Kevnelized version oF las(s\'\'c T@ﬁ‘res‘sid\f\)

Uging kemels) we hove seen lkemel 'rfo\ge 'reﬂressx'ow’\.

The wain ideas oF +Hhe Aual —Po‘rmuloh‘cml kernel b’fck/ and dnan%e c@- \loss

function  can be anh‘ed fo elassification as well

Eor\ier, ’FOT bina'ry c\assiefcql-\'m ye %-I)I}J we gaw \o%fs{-\'c Teﬁ'ressc‘cm.

Aog(sh'c los=
-y QTZ) V\ars'm o? o clossifier
Gov o dotapeint (%, y)
= y-f(=)

J\ocafsh‘c_ wodel with marqin Locraulahion
Y = s\'g‘n(QTz) with [ = ,Qn<l-\— e

cettain madi@cabons

ore lo be wode:
X — ¢C"_< oadded +o allow
duat formulation
T
-y G ¢(?_L) 2 Usihg Re\:fesen-ke-rfs
L — L\(].‘_e - )+ >\“6“2 theoremn



Support  Veclor Clossification

* Unlike Kernel -rfolje Y‘ejr@ssidh) kernel \oa(sh’c -resress(cm s not PQFQIQT‘

° For assi@\'cqh‘an/ SVC is very PoFu(ar'

— It is the classificabon counterpart of SVR

— Both have sparse dual Po\rame’rer veclsrs

o KRR — SVR was obhained via d-uamae a(l loss ?—unc-h'on

gimilarla) we vse the hinge loss  instead of \oj\'sh‘c loss fn SVC

. Re call \m'nae loss ({:ram Lecture 11 'o)

MO’TSQY\ 5 H
4 (nge Loss
L (y‘ _F('?_(_)) — 1- y'f(5> '?0\" \/F(Z) £ 3 (h‘ke .c.oe‘(‘
0 otherwise 2: hinge)
I SR

Morgin vy- £(2¢)



e Tn SVC, e'C?_) = QT_Q(3>, sc Hhe \fn'vw%e losea will be

0 otherwise

L(x vy, Q) = {1—7-§T9(°<) for v QTR (%) <1

= wmox 30, 1-Y QTQC@}

¢« Just like te €-insensihve loss, the wmain oxdvon\-wae o?— ‘ninge loss

comes when we loek at the dual fovmulahon Usin% ok instead o the

J

\bﬁma\ Fovmulabon  with @

. Primal —Qormu\a’n‘ar\ with & /hon-df{%‘eren’o'ab]e due lo max !r)U""

8 = argwin 1 Z
. N i

ax {o, 1 —yW® §T_ (x“’)} + X “Q“:

3

The feqture vector does not oppear oS QTCD_S)Q(?E’) w F\"«ma\ form



The kernel brick connat be applied in primal form

Thevefore, we will consider the dual Zovm. The dual form can be obluined

by usina glack variables to vreP\ace e “mox” in objechve Punchon

ond then constructing Lagrangian \n - spbmization,

s\ack vaviable

N ) T . 2
winimize 2 Yax % o, | - y(‘) Q g(z('))} + X “8“2 trans&orms
Q N 1= an inequality
equivalent constraint |
" N . o an equality
wWiinimize A\ Z ;; + A ll@"z constraint
Q) E N i and
-nan—neaah'vﬂ-j
Dol i :
subject to T2 1=y e g(xV) canstraint  on
the slack
7}"._; ‘>/ @) L(: 1,2 -- N) variable
ex- 20
Ax<b

Construet «La%rancafan

L(8 8 B v) = L3 E sl -6 (E+yPeiaam-1) |Axrs=t
— N i=1 (=1

Logrange N
1=

multip\iers ‘ (



¢ P\ccorc\inca to Laafqnaels o\ua\ﬂ'ﬂ fheovy) instead of so\viﬁg this

N
vamnimize -
9 N 1=

wax %_ 0, v 8 g(z(n)} + 2 "@“ >

we con wminimize this w-v.+ 8 ond B ond maxmize it w.vt. B and Y

N

( (8, %, B, Y') Lﬁ £ el -Z B (5+y©PeTaiE™ )
N =g =]

Aag ronge N

wiu l’cip\;ers

e Twe necessary conditions foc opbmality  are

l L<§-/E/E)X> =0 b _'3’_ L(.@_,\%,E)X =0
38 3F

2 T

e We can use the foct that QI

i
@



|
(8,5, B, Y Y) = L3

N

E g o+ )Il@“: = Z B (B +y P e'8EM) - l>

o(a%ramae > o v o
wultipliers l-—Z! Y; E" I B~
o Usin% —;—é L<§/E,E;X> =0 we 8e-\:
N
@ = L 2 y©p. (=%
D NEEY —
. Usin% o L(.@_,E,E}I) =0, we cae'l‘
oF
Y; = L - B
N
. \ns'er-h'n% A in the Laarom%\'qn and SCQ\fng it with ’/gg\) we a@{—
. : > () o7 4 (=0
L(8, %, B,v) = L3> E + el -Z& (5+yVes@™-1)
N 1= 1=








