Dim enS\'ma\;}E Red uction

+ In unsopervised learning, we have seen clostering .
+ Tn this lecture, we will look at dimensiovalihy reduchion

e In mMany prqch‘ea\ aFP\\'ca{-\‘ons, Hhe input data % € RF s a very

hfﬂh—dimensional) however, Phe inkinsic dimensiona\ﬂ-ﬂ oy be

quite small
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In all three cases, the inkrincic dimensionality of date is 1



Thkringic Dfmens{ana\ih{
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Inkringic  Dimensionaliby

=

e An impmr'tan‘: concern n ML s lea'minj Lo ht‘a\n—-O\imensl‘o-nal Aate =

e Svuccess of ML, in particular deep learning, is due to iis capability  of

learning o useful vepresentabion of high-dimensional date

* One of the goals of onsopervised leavning -

Learm'ng o lower-dimengienal sulospace Lox enco&ma \'\ia\(\-—cs\\'mensx'ona\

data set

* Tdeo of dimensionality reduckion: Map data te & lower dimensional spoce

— Save com‘;u\d’n‘onql e in \mer\\\‘na h\'gh-—c\fmensfona\ data

— Visualizahonn in Q-dimensiont aan oRev (nsf%hb

— Reduce over%iﬁin% and oachieve better %enera\iza{-ion



Linear Di meﬂs(ona\ﬂ'ﬂ Reduckon

* We will inkroduce linear o\imqnsfona\(l’}j ~educkion usin% P'r\‘ncipa\

ComPonen'l‘ Analysis (PCH)

* PCA is qleco known as

Karhunen- Loeeve (KL) kranglorm

— Tt 2ale vndev \inear o\(\mens\'Oﬂa\\'\—j veduchon {—ec\nm‘olue/s
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Ldea o('l projection

+ Consider Ffo\jec\-ion onto 1-D SU\osPace (a line)

0 Su\oquce S e the line a\oaa
the unit vecler 1L

- WU is H’\e\oasisdg—S: An7
Foinjc in S can be wrtten

as X WU go‘r csome scalar z

. Projech’on o? vector X on S is denoted by Z:Proj’s<2<_)

=2
© Recall that: x'u = || x| [lull cos(e) = Nzl coso = 1%
- = Proj (=) = x'u u = WZ] u
— e -
\enaH\ of direchion Of‘

projechon PTO:)GCHO\’\



Tdea oF pro:!ec’nbh

e How o F-ro\jec'l‘ coto o M- dimensional QobSFO\Ce?
— Ydeo: Choote on orthenovrmal bases {HL, Uy, ---y HM} for S

— 'Projec’c anto each unit veclor fnd\'vx‘o\uaﬂy (as 1in previous s\(Ae>

ond  2um %ose’c\qer the Fvo\g@Ch'dY\S

+ Mathemolcally ,  the projection is qiven as:
M
Z = PYOj (2(.> = Z Zl- gf (.Ohefe Z'- = X k('.
S -
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e ITn vector -(orm:

<2 T

x = P‘ro}s(-’s) = Uz = | % Y -uy||l. |, uwhere
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Projecton onto an o”{ne subspace

+ So far, we lhave assumed o subspace that passes Hwoug% zero

. However/ the subgFaces that we want to PTOjeCt onto can alte be

affine svbspaces, which need not pass Hmroua\n zero

X, ﬂ\ xzu

< lLinear su\agPoces

/(\ Affine
KA / /subgpaces

/ ﬁoc, 7\2;

1)

,

The offine subgpaces can have

~

on arbihavy ovigin M



Pfo]eC\"on\ OY\{'O an O'F-F{ne Su\ospoce

:i = ~
(dab - -—)
point

Fvojec%ed -

on the =

afgine

subs?ace

* X is called the veconstruction of =

The offine subgpace e Z e its ?eamre/cer
has an owr\'jfn //‘i
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How ‘o choose o %ood SubsFace?

* We want o choose a su\osFace S which s \ow-dimensional compared

to Phe dimension oF the inPu’c space

* How Yo choose such o su‘os);ace S?

— We vneed Yo £ind QFPVOFﬂ‘a{'e /\_’i\ and  the or\’\'\o%ona'\ bases U

— origin M can be set equal to e wean of the dataset

To find U, one of- the 4two ealuiva'\en’c criteria could be followed :

—

Minimize the veconekuchon errov -

N
arguin L 3 || x_ 2O
U N =

— Moximize the wvaviance of vecongkruchons: Find a su\osPace where Hnhe date

has the wmost vaviabi\iky

(You can show
i “;m, ;1"2 that x ond X

i have sgame meaf>

OT% way




Principal Component Aha\\,@'s

. C\r\oosima o su\ogfoce o moximize the PrOjeQ‘:eo\ variance , or minimize the

veconshruction ervor | s called PCA

¢« Consider the somple covariance wakbrix

N

_ _L z (?Scf)_,\z> (Z_QCf)—AZ)T

N =

IM>

. i is symmetric and Positive semi—definite (PSDD

. The oph‘mal PCA suBsPace s sPomned by the {‘oPkM) eigehvec{-ors oF =

!
These efger\vec{-ors are called Frfncqu\ '\
. Pr\'ncqu\
compenents or principal direchons, yauch like Companent
PCcAa
the Pn‘ncipa\ axes of an e\\\“Pse




Derivahion o{l PCA

det uve consider the simP\es\‘ case of _fl.'no\,‘na o 1-D gubSPaoe

— The 800\ then is o find o s’ma\e divechon veFfesen\—eoQ by unit

veekor \_x_l

A X

Lets wmoximize He ‘:)'rojec\-edl variance

= w3y
So the o‘)h'mizah'cm lack s : &QSTG“S"O‘“'- L(y, N) = u > u —7\(! u -1)
Uy = argmox gTﬁ u Take amd\'eﬁ and s‘e{- o zevo:!
u = ~ o elae'n'\ra]ue
> U = A Ue— eigenvechor
s-t- ET\A = 1 = —

., 'Pﬁncifa\ direction u, is on eigenvectsr



« Since ____Z_ is sgmmeb'\'c and PsSD, all efﬁer\\ra\ues ave veal andl

non—‘ne%a\n‘vez XN 2--- X 2O

e [he 2nd PffnofPa\ Compmeni' U, Is celeated scuchh Mhat:

@) u, s or\‘ho%owwa\ o U

(b U, wmoaximizes the variance after F'm:]eah'n% the daten onte the
direchon 0@ U,

() The and principal component (or divection) s the eigenvector

N

IM>

Corres‘;ono\ing o Hhe Aand \arﬁes% eigenva\ue o?-

J

¢+ Similay arguments con be veed b shoaww thgt the ‘m’ th FT?anPa\

component s Yhe ‘w’ih el‘gé’“\f?d‘m" OF é—_

e The process conbnues unbil M principal comFonenh (C‘GY"(eSPoY\ding to

the M \avses* eigenvq\ues>



PCA  decorrelates features

« The <eatures (or coo\e) are decovrelated by PCA

Cov(z) = Cov < l__j—r<’_< —/Q>>
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gUWWV\OlT)/ o‘(l)f PCA

’ D\'mens\‘ona\i\‘j reduction aims to find a low- dimensional vepresentaton
of the data

. PCA Projec{-s the data onto an C\H'ine SUBQPQCQ H‘»ajr Morximizes

Frojecl'ed variance oy winimizes the veconshruchon ervor
e The oPHmal sobsl:o\ce s 8iven b): Pe 1-0,9 M efjenved-ovs

c:b(l the scmp\e covarionce 'mal-rix) covres‘:cmc:&\'ng to the M

'\arj est eigen values

* PCA gives o eet of decorvrelated fealures



Example o?, dato. compression

Mean

S
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M =34-10° A =2.8-10° A3 =24-10° A = 1.6-10°
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