Lecture 17 Kernel T\neory

O kesnel Y\‘&Se Teﬂ‘r'eS'S'l‘On (KRR} and KUFFO\-{- vector veqression (S\lk)

we \earned three Cancepl's:

\> Primal oand  dual gewmu\ah‘oﬂs c{- a wodel

— Primal formulabion expresses the wodel in tewms c% 9 e R+
— Pual foxmulabion uvses & € RN (N & size & I“U‘“{“% d“'}c"g@%’);

ond does not o\e\?enc\ on the value d ‘q’

— Both Lormulations ave ma\'hema«’cfca\\\xj ectmva\en‘l‘

e Primal fovmulahon s vseful If N> 4

> Dual Lovmulahon is uvseful i 4> N



:1> We introduced Kemnels K (x,x") thot allows uvs o let d—=> 0 without

explicitly govmu\a’dn% an infinite vector of mon-linear l‘ransfoxma{'\bns g(&)

o The dual ?ovmu\a\ﬁm is parHeulavly vseful  when using kernel methods , since

the dimension OF Q in te P’n’ma\ ‘Formu\a\'\'oﬂ cauld be \Iery \orrge

2  We veed JdiPevent loss «?unch‘cms (ancﬂ included Ll-reau\ar{zajn'cm)

> KRR wakes use of squareo\ ecroc \oss

SVR

vses

€ - nsensibve loss

\ gives sparze &

in  the dual Qormulabion

Loss



Kernel theovy

Adets loock o bit ¥ynore into kewrnels

— Kernel was defined as \oeina ony Jonchion  that takes fn two orsvmenb

and veluwne o ccalar

positive sewm - def\'rﬁ te

— We also sussseshacq Yhat we will veshriet ouvselves o PSP  kernels

— Vanilla kNN —>  kewvnel kNN (Pro\n’o\es o Vav\'e\—\_.s o? Aistance meV\'CS>

o Recall that vanilla kNN consbructs P-re&fch'cm. —eor x* \:7 {-qkina

—_—

. - « » .
the average oY o wmajovﬁcy vate among He k nearest nelah!oou*rs

¢ Tn its standord form, “nearest” was defined by the Fuclidean distance

!

« Fuclidean distance between & Foihh x and x' H’i" 5'“,_

—



Fuclidean distance between & Poihh x and x' “X"E,Hg_

« $iace Euclidean distance is pesitive ,  we can consider squared Euclidean

distance instead
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For many kernels,

- , T, T | these tesms are
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K(x,x) + w(x’ =) - ar(x,x)

I

— e . - ‘m’ceres’dna
this tewrm K(x,x') lakes
debtermines howo a large value
close ony hwsa peints are W %2 ond x/ ave
cloge

e In kernel KNN K.(%,X") con be *reP\aced with ony PSD kerne)



e How can You use vanillat kNN  wheve EFuclidean distance hos vo ratu~al
W\eoning?

Exomple: Disteance between wovds which fef\ecf senbiment

Wovd Sentiment — What could be the label for “ horrendous”?
Tremendous Positive
-Hcrn'-(lfc Nesa'\’ive — One vnaa \'hm\ﬂ a@ Conver{'iha {‘Q\e inPu}- SFQCG.
Oul—roaeous Negative o nowbers fist and then ovse Eupdidean
dis tance

%* = Horrendeus
k: A N Posikive. — An easier ooy o compave s usnng} -ﬁ)r ex,
Levenstein distance (LD), ohich js +he

K= 3 —> Ne%ah\re numb er o ginale-charac&er edits needed to
bonsform  one  word CS"n’iha) wnio ancther

S\
® One con cons‘h‘uc’c a kevne\ as \(_(5,3') = e"f’ (— (LD(X,X)) )
2L

‘o \'m‘ﬂemen’c kernel kNN  (instead of vanilla kNN>



Lessons learned about kewnels so fax

e A kernel defines how c\ose/simi\av any twe points are

- It K,(_;g“)) ?S*> > K,(%_(q), 5_*> ; fren XT Ts  mmore similay ‘o ?5(‘)

than _,_(_Cj)

— I¥ also \'m]:\fes bhat predichon ?(?_(_*) is most influenced by the

%®

‘:‘(‘olihh’\% dato Fofn\'s Yrat ave closest b X

— Thevefore, a kervnel P\a\/s an {mPc«l—anl— vole of Ae‘cevmini\ng the
individual  influence of each Hainina dota. point when weking o

pYed( ckon

T
® No need to bother about Fuie inner P'roclluct g(&) g('&') once we have
introduced the kernel = (%, %)



Lessons learned about kernels so for

« Choice o{—‘- a kernel corresFonols to Ffeﬁs'rence Lo certain types
of ‘@und-\’cms

— For example,  the squared exrponential (ov RBF) kevne

K(z(, _&) = exp <_ lla-—z’lli)

Q"

im?\\"es o Pve{»@rence Ror sweotn LuyncKoms

— In Prima\ Pownu\q\'\'an, we cheote ’eedl'u'r‘es g(’g_(> (.D]r\'\'c.\\ Wil
veflect Yhe type of Wonsfsrmabions we want to intreduce. This

chorce 1s vefected o seme extent in c‘noasina kerneld in the Jduwal

Do raulation

A machine \eomnin% engﬁne@v must cheegte oo keynel mise\\j andl

should wet simply vesort to ‘default’ choices



lohat oare valid choices of ]«evne\sz

We already know that kernele ave o way %o vrepresent mon-lineow fLeature

bransformation @ (%)

K(x,x) = @) @ (=)

—

* Question: Does an ar\d\h*ory kevnel  ko(x,x") always co*r*resPcmd o o

$eature hrangformalion Bx) 2
— The a(ues\ﬂ‘on s ‘;rima\"\\\/ o(l Hheovretical mature
— Practically, it makers very less  whether a kewnel KU(%X,2’) admits o
Loctori zahon K(x,x’) = g(a_()Tg(Z') or wokt

— Furthermovre, Ythe Lacrorizabon has wo direct correspondence  to how well

e kernel will Per{‘-m'm in terms GF Erewn , which skl hos bo be evaluated

US\'Y\% croes -validabhon



Queston: Does an av\o'\hfary kevnel  xo(x,x") always co~rres‘>a~nd o o

feature hransformation GCx) ?

Answer ¢ Yes, if tre kernel K(x%,x') is PsD (POQ]HVQ Sem;‘deﬁ“”@>

(ha necaa'Hve efaen—-va\uf's)

Recall Hrat a kernel fs PSD if the Gram wabrix ﬁ(?__(__,;() 1s PSOD
k= any X
e Tt holds that any kernel K(%2,x’) thalt s defined as an inner
Pvcclucf lbbetween Leature vechsrs 4_8(3_0 e always PSD

\((?_(,3/) = _@_(3)“'9(’50 <.) .> < innevy
- <¢ (.5>} ¢(£r>> Fx-oé\uc.’c

lnnev [.woe\ud:

G

v
~
'/\
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Lealure vecksr PsD



Question: Does an av\o‘\hary kernel  ro(x,x") always cm*resPcmd o o

$eature hrangformation Bx) ?

Answey Yes, if tre kernel K (x%,x') is PsD CPOS"HVQ semi—defini+@>
(hc ﬂe%a'ﬁve ex‘aen-vodues)

e It holds that any kernel k(% x’) Yhat s defined as an inner

P*rocluct‘ lbetween Leature vechors 4_5(’—<> e Q\ways PSD

nner I.wodud:

(é(gg) > w(x, ’—‘,>

Leature vectsr PsD

« The other direction alzo holds bue, that s, Lo any PSD Kewe| K (%, x")

J

there a\ways exist o Leature vector F(x) sguch that K(x,x") can be

wriken as ik inner PTOC!\AC‘\'

LIESEE w(x, x")

\—.-\,_o-_——/
Peature vecter if PsSD




o The other direction aleo holds bue Prat s, Lo any PSD kewnel ® (%, x")
there a\ways exist o Leature vector F(x) such that K(x,x") can be

written as ik innervr Prociud-

G2 < w(x, %)

I
Peature vecter i PsSD

e Tt can be shown that Hor any PSD kemei) it Vs Pogsfb\e o conshkruet
o funttion space, wore specitically a tilbert space, Haabt is spavmed by

o feature vector g(x) s 1. K(x,x'D= B(x) (=)

— Thevre are vou lbple ways o conshruct a Hilbert space  space sPo/wmecﬂ
\>\/ g(&) One o@ the Woy < s usfha the <o-called reProc(ucn‘ng

kernel Wilberk s?aCe (RKHSB quPiv\%



A brief introduchon to Reproducing Kernel Hhlbert gPaces (RKHS) [Digrexim}

- Buclidean space is o space & veclors equipped with inmer producks

belween veckors

/'7 Space CQ— Lunchons with Jnner F'rodudk'
* Wilbert space is a 3enem‘lizah‘oﬂ of Fucdidean space to funehons

(which can be treated as infinite dimensional veckws) - Tt allows innew

product between Punchions
« A Wilberk space H s called the RKHS £ there exists o kerne)

K-C?S,E/> ik Hhe Y‘e\)fcd\ucina \D"mper\-\d Hhat
) = 30, (, 2D> ¥ ek, ¥x

— I8 we set £() = k(- 3_()) Hen
CRCH x), KE, 5')> = w(x%,x')

Ths ve‘;\'od\xcina P-ro‘:eﬂnj 12 the wnain \ou‘\\g\m% block o§- RKHS . This KXHS

s S\oaww\ed \;y Phe CoYregPo'Y\A‘\“d Leature f(i} OG kemel w.(x,x)



Question: Does an ar\o‘\hrary kernel  ro(x,x") always cavvespcmd to o

feature brangormation 2(9—0 ?

Answey Yes, if tre kevnel K(x,x') is PsD CPOg"HVQ Semi—deﬁ’fﬂ@)
(‘r\c 'necaa'\-ive e\‘gen-w\\ues)

nner product
@ (%) \ produet ke (x ®) B < (& %)

————————’ — \T\___,._,_J
fLeature vecksr PsD Peature vecker if PSD

(spons a RKHS)

« Kk given Hilbert space uniquely defines a kernel, but for o kemel
there exists wmultiole HMlbert spaces which CWTeSponcl b iE

B, T !

E-q. K(x,x’) = = x
Peature vecter \
hs) w (¢, x") / N

ans R
<S? " ¢(X)= x. ¢a(3> = [Z/ﬁj\
(X

i PSD ==
& (%) / ( one- dimensional) (fvo-dimensiona))

Peature vecker



EYam?]eS O{Q kernels

¢ iin ear Jkevnel

k<7_Cl _2_(') = ?_(T?_(_’ + C . SimF\eSf kernel
h / * Used when the numbenr og
5Fer\oa'rame-¥e'r

features oave a\readg \arge

. rPo\jnomto\ kernel

d-1

K-(’_C, 2{’) = (ETZ'—F C>’) « The Po\snomfa\ cozr*res‘:cm&g bo

A\

"‘YPG*P""“’“e’ff" veckor @(x) of wonamialse vp ko

o fvnite -dimensional Peature

order d-1

« L& hyF@rquameJte'r
(called \eﬂs\‘hscn\ev
2
K.(Z, ’.S’) = erp <" lll—i’“z) o« Thic kernel has a loecal
2407
nature because
K(x,x') e as [x-x)|>e«

« Squored ex‘ymen\'fa\ (RBF) kernel

Commm\y vsed kernel

o Tunfinite - dimensional features



« Matérn -Pam'\\\/ o(\- kernels
Modified Bessel unchon

v/
(% %) = a (J'i_v-n?_(—;(l\z) 5 (E‘-J no_n—zu>
L

/\' (V) Q9
G owmma woith h.\errParame\-@rs L >0, NDo
funchon 1 smoothnese

?amme’r@r

exf"“?ﬂh‘al kerel|
Vzl = k(x,x") = exp _Ix =Xl /
2 ? f 9
Cow\mm’\B _ 3 n ) \/§”X _ X!||2 \/§||X _ x’||2
vsed V—§=> k(x,x') =1+ p exp | - - ,
V= > = k(x,x")=[1+ V5l = x'll> " SlIx - x'II3 ex _\/§||X - X[

As v —> oo | Matérn Kernel equals squave& exPonean'a\ kevnel



Rational Quadyatic kevnel

- A

, ’ > A} meir
k(x,%') = (, | ’i;:] Iy per parameter

iR

gqua'red esc‘.:onen\-\‘ab Matérn, and vatonal o‘uadmh'c kevne) oare

exawmples of cstabionavy kewnels — gince they awe Aonebons o (2@—3’

An @ﬁam‘;\e o?- non- PSD kernel s the SIamoi& kewvne)
(x,x’") = \-an\r\(ag(_Tv_(’-\-\o)

a>a6 blo

e

hy?@r‘;amme*cﬁs



Technigues Pov  conshueting new kernels
' ' a

Given  valid kewnels ¥ (%, x')  ond  k, (X,X'), ~vyou can conshruct

new Revnels e —@;\\owina UDO~Y$!

(%, x’) = c k (x,x") C >0 ig o conshant

I

(%) w (x,x") £(x') £2(¢) = any Linchon

I

C“ (k‘ (=, &’)) whevre 9 C) IS o Fo\}'v\om:Q\

wiln man- ﬂeﬂq\-?ve coe fficients

exp (1, (2, %))

(%, 2) + Ko (2,20) ( Addihion )

il

]

(2 ,%2) Kk, (3, 7_&’> (M ualh‘QG%‘\bh)

\





