lecture 15: Kernel Rio\ae Regvession
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e We would like o @B(x) that would work for mest problems

° T‘nvs, 9(?&) should contain o lot o{l ’Pra'hsFo‘rman'dns Pralt could

possibly  be OP intevest to west problems
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o a > N

# o — ]
inFuk foatures  F & h-a'mina
data - points

and euen{-uq\lg let d— 0

N X\ — Nxd L.
: de]
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s Jdet us vse on L;l-"(‘egu\avfta{“fon for new

° Re&rmu\a’ﬁvx% the linear reafessfon with tonsformed features _@(’—‘))

we %e% the estmate o‘?. parameters as
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o Linear 'recaression with L—R'—TQ%U\QTiZQh.O(\ has closed-form golubion
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o del’'s 1:7-5 ‘o Yefo\—mu\a'\Q the ‘:veo\\'c{-\'ovx..
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v eckor o\irec\‘\%) Pre b would be 37’9"”

—
e« However , CQ Cﬁ)T @ (§> + N T.> b\ feo(uiros nver \—w\a o
‘ dx A B dxd vakvix ) |




ja) = ¥T 2 () A+ T 2(=%)
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. To prevent inver\-\'n% a dxd wakix, where d s very 1ar%e,
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dets lake an exwmp\f c@ Folanom\'a\ h'ahCFm—\mqhbvx
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. Usoq\\g o cow\\mﬁe Q(’S) @(?Sl>
— One has do {Z{rg'k d -dimensional veclors g(’_() and g(’_(l)) ana

—  then cc&mFu\e thely taner Froo\uc_l-

¢ H—oweuer, €°~(' 'H'\e \:n-ev(ous examP\e) we -?oov\o‘ 'H'\ql‘ we CO:U\OSl \quE

: d
just evaluated the expression (14 %) d;‘.ec{.[a_

e Lmportent point:  TIf we wake the choice o@— §_Zf(?_<> sk the ianer
product _@(&}Tg[aﬁ') con be computed without-

Lirst Ca\cu\a’ﬁ\ng @ (7_0, we can let d — very la*;je



. Iw\Poﬂ'cnk Poin{-z If we wake the choice oq— g(’—(> st the janer
Pwrocluck _@(&)T_@(D_Q con be c'ampu’cecl witbou -

fiest caleulating @ (%), we con lek d — very large

, since it seems Hm’c/

e Thie 'm{cah];- appeay te be tather ~estrichve

for each case, we may have to derive o closed- form andlytical form

o€ 9(K>T9(3>/ jus‘r like we 8ot' ?ov Po\yhomia\ h‘ansfovmal‘\.dh

eq g(x) B(x) = (v xx)

Closed - form

ex‘:ressiovx—

e However, if you don't Yea“z care aloout g(’ﬁ) prliciHy some bimes, then
the need of deriving ,Q_S(K)TQ(?S') can be bypessed by using the

COV\CeP’c of kernels



\hhrao\uc‘_'mq the dea o@ kevnels

o+ In simple texms, o kewnel K(z,x') Ja any —gmel-fm that fakes two

)
ar%vmenb X and = {lr@m Yre some space IRP and etvrns o scalar

e e will mogl'\té limik aurselves +o kevnels Hhat are veal-valued and s\/mme’cr\‘c

\. €. K(Z,£'>=(<(?_(’, &) e R for all x and x'

d
Tor examP\e, K,(X, x') = <\+xx’> 7s sueh a kevnel

¢ TIn fact, the inner Procl\uct of twe mnon-linear \'n‘:u\: l-mnsfoa'mah'ow Is

also an examP(e of a kernel:

K (x,x) = gﬁ(z)T @ (%)

* So instead of choosing @) and o\eriv'mg i laner product 25('1)T£5(1')

Sometimes one can choose o kernel K,C?Q, 7_('> directly «— KEeRNEL TrRICK
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° Rem\l, lin ear recaressfor\ woith Lq—reaular(zah'dﬂ was called as

o Je) = (R G0 eIy (k)

C-W\fs equation describes linear vegression wik Ly-vegularization using

o kernel | hence is called I|kernel “m'o\ge Teafessfon
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e |he o\esign choice 15 now 1o select a kernel K_(?S,?—‘I) instead, df ¢(K>

e In Froc{'\'ce, c\ﬂoosing I(_(’.S,’.&') 18 wuch easierc  Hhan dnoosing an

oxﬂoro):ria\-e ¢(?_<) esPeCia\\\d hen the number of l-rangformed_

features (i-e. o\) 'S very \arje



* Fyom COmFUl‘aHm Poin\‘ o?— V(em/ we can C\’\O‘GS'Q K—()‘S/ Xl} arbil’f‘on’i]y,

oS \ang 0s we con com‘:u’ce

/ Gram wmabrix

?(1*) — ZT<§— (%, %) + N>~£>_‘ _‘é(é; )_(¥>

~— /

this must be
invextble

-1
* For the inverse (_K__(}__S,é)-k N%;> to exrist, we will veshict ovvselves

bb kevnels {lor whickh the Gram wabrix _E_(é,é) is a\ways PSD
Fos'\ﬂve

semi —de-f(nH'e

e Kemels K (%, X)) that leads to a PSD ¥ (¥,%X) are called PSD kernels



Fromples £ positve semi-defmite kewmels

. gquared ex‘)on@n-l-{a\ Ke¥nel (q\so kvown as Yadia)l basis @mah'ov\, RBRF
expanentiated c‘uadml-\‘c)

Gownssian keme| >

K<3,3'> = exp (- n?_(“?_(’“i)

2

2L

where L >0 s o ‘nmo@r\oo‘mme-\-er o be chosen 107 Hhe user
(\oy cv'oss——\rox\\’cia{-\‘cm)

® Po \3 nomial kerne\ order c@_

d{ ?o\ShO‘ﬂl]‘a\
K (x,x") = <c+ xz')

* You will see wove emmp\es o{— ggmme\m’c PSD kewnels l\ater



oy =y ( Oen) +oz) k(x, x)

—
NxXN mabrix

Taversion ok a h\'sh—é\ime\‘\s{ona\ walrix Ts a very \neol\ly OF@Y‘O(JQ‘OV\
Do we need to invert the wmahrix (LS_ (%,2) + N>‘£—> every time
we Pved\‘cjt £or a mnew test input x* ?

— Not necessary
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So now, we cn\ﬂ need %o

compute ond store 9\’: and X



Summary o Kevnel Ridge Regqression (KRR)

Tfa'mina

N
Y=y )

Inpu-\:: Trainina doto. T = S'-)_(Ci)) y(i)} a kernel K,

Yeaulariza\'fon ‘xzva’me\‘ef A

7>

Ouk“)u)ci D ual qu‘ame%@r

~ Assemble X ond compute K (X, %)

|

as

Com Pu’ce

A = f(r;(z_s,é_) +N>l->—'

Pfed\.C“l.OV\ with kevnel r\'dje r@SressiOVL

Tnput: Learned dual Povra’me‘\'er X and test waput x ™
T

Ou’tpu’ci Predichon ?(?Q*> = j:ﬁ _\é<)=<,>_(*




Primal ve Dual Gorvmulabion
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- By comp aring the two -Po-rmu\a{‘\'on) we can fEnd o velahon
between :é_ ond &

G(x*) = 8 =) = & P &) pEY
- K(%, x%)
= | 8= &R &
A=\ T ax N N1




Sim?\\'ea vevsion o?— Re‘;resenl'er's Theorem

Theovem . Let 9("—0 = QT _Q_f(3> with a %xe& nonlinear bransform
Q(’Q ; with Q learned @fam l:minihg dq*c\ i EC‘), 7(‘)3 L

(The dimensionalily & @ and B (%) need vot be finite)
Forthermore, et L(y,5) be any avbibtrary loss funchon &
he[0,o]— R be o sirictly monotonically inereasing funchon
Then, tie eshwate é: which is e argmin of- the cost
Lonchion T(8) |, re.

N
= argmin L = L(59, G_Tg(z“’» + h(1eil)

N 1=
S '\; (25(‘.))

(@)

con be wyiten as

.
(?é) A with gome N-dimensional

)
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>
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o (lhat does Hhe re,:reseh\-@r hheorem wnean ?

— & 9“83'95'%'8 that  if 9(5> = _@_TQS(’—() > and Q s Yo Le l|eorned US(na

any loss -@unc’n‘ov\ ond L,- reau\arf‘caﬁm) then

@ can be learned alse
A
L

grom '|{-s o\ua\ Para’mé’ré“r g, US\'V\%Z _’é_= @(é)

—  An (m\;or{-an{: '\mp\(Cah'on of the Tepveg@n’cer theorem 15 that
L, - Te%u\a*r(zah'on s crucial n order to ablain the dual

@or\ma\\'sm) and we could not have oblained KRR with say

L, - Yegulari 2abon

— Representer theorem is very important for  ymock kevne)l rmethods .
It tell us thet we can express some wmedels n terms &£ dual pavametex &
which are of finite length N, and o kerel K (%,z') instead £ the
primal povameters O (maybe £ infimite length 4) and a @ (%)



SUFPO‘(JC \Vector Reare aSion

SuFPar’c Vvector Tesx—ess(or\) S\/R) 1S avncother very Use{:u\ kevnel

wethod  for reqression

From o modelling pevspective, it s very similoy Yo kewnel ridge

the only difference & Tn the use o diHerent loss
'@unc’n'or\

Yeﬁression,

e new loes fLunchion 1s such Hhal Tl wakes the dual param&ler

7> :r(

. A
sparse,  meaning several elements of & are exactly zewo



Recall that a € R so we can ossociate each element o &

with one \Ta"mihg o\o&a\—Pox'n'l-

» The ‘orou'ning points COrfes?onAl{na b the non-zeww elements e{’- L
ave veferred to o 30\3?0\*% vectors  oand  The \a-red\\'ch‘on 9(1“')

Wil only depend on these su*ﬂmﬂ' vecknrg

-
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e

X
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XY ...-
z

e« SVR is amn exam?\e d o <o-called SU\D'FG'\")(' veckr machine (SvM)
which s o fomily o wmethods with cparce dual ‘:qrame\‘@r veetas



The losc ;@—unc{-\'on we will vse for SVR s the € - insensibive loss

Loss

L(y,9) =

L<7/§/> =

o) e ly-9\l < g,

obtherwise

ly-91-¢

™M ax % o, ly-—?l-—e}

Pammel'ev € s o

ol
L
L
L
-
.Q
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- = Absolute error loss

~ 4
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-
’t. o L *
. » \g *
. .
L] * .
L ~

Y ~ - +
.QL = 7 - L | ‘
-2 -1 —¢€ 0 € 1 2

o‘es(%n choice



* |n Pr(mq\ @ovmu\a-l—\'ov\} SVR also wakes uvse c@ the linear yegvess"cm
G(x® = 8" @ (=x»

but instead c@. He squargd loss; we Mow have

|@>

= aram'm

"

there is mo closed-foym <oubion &£ &

t i mmcio, \\/co_ QTQC’S(”)\ _ 6} + A \IGH:
J=I

unlike in KRR

e Solubion d é has to be found usin8 nume rical opHmization



e« Similar b KRR} we vse the kernel tick and wove ko the
dual formulabien with & instead o€ )

— But there 15 vno hope of closed-form scolubion of o

—

* In the dual —Fovmu\ah'ov\, we have

9("_(*): @T_ﬁ(l,l(ﬂ }e—some as KRR

uolnere, g is oblained \oy so\vina o constrained opbimi zah'on Pmb\em

\/och os o regu\af\'zahbn

~ . T pParameter
A = avamin é\- A K (é;é) A - o >' + €& “OK“i
" — s difevent
R / $com KRR
subject o "\ | < \ \\, F\‘O‘mo*'&? wheve Wwe
| \\ aNx gparsity - had
S - ___.7 g_\oseél-

form

caluhon



Svppart veckors due to € -insensitive loss

e This loss {Zvnc’r\‘on e Fo«xh‘cu\arlj fn\-ereSth in Hhe kewel context

Since the dual Pm—ame’c@r veckor & becomes spor se

e Since & has one enby per hain?na data point | sparcihy of o
imP]fes Hat the PTed{c\‘\'on y(1*> ™SI o\ePend O'n\y on  Some c»¥
Hhe '\Yoﬁning data pcﬁnh

— These l-rainina Fo'm}s covreS\ocmc& bo & #0, and are
called squor\' ve chors



SUPPG‘(\’ veckore due o € -insensihive loss

e lhe Prainina ‘Do'\n}s co*rres\ocmc& bo 4 #£0 are S‘UFpor\' ve clors

¢ Tt coan be shown that s\)PPonri: veclore are those dlal-cx-Poinl:

QO’(‘ \Dh\Q&’\ H’\e \oss gunc_h‘on IS YMNON-Zrod ¢
Suppoﬁ( vecltors = { {7_(_“), \/(f)g s-t- \9 (?5‘”) - 7(‘.)\ Z’ e}

- a \owger € will vesult in a fewer guP\awlT veckors

— € oacts as a Yeau\aﬂ'-cah'on Farame\-er in L -penalty in dual

'P'O“rmu lation

— The number of sumoar{‘ veclors ig also O\PFec{'eoQ by x

= During predichion, only the coppart vectors contribute . So  lesser

svppert vectsys weans fewer computations



Examp\e 0(: veqression with KRR and SVR

Cor s\—oFFing distance \:wo\:lem :

X —> speed of cav

Y = tme to S\-OF QP{G‘(‘ bvakes aﬁ:\{ecl

A combinahon o? Squared expcmenh'a\ X Po\_&jv\omn‘a\ kevrnel s yeed

Distance (feet)
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- Kernel ridge regression p
-~ Support vector regression
- - - e-tube

O Support vectors
® Data (€2 date points)

__—
.

A= 0.0l €=)15

,“— oll data peink oulside
this €-tube ave
Sopport vechrs

A, #+ 0
Sopport vechlors

Tor predichon with

0 10 20 30 40 50

Speed (mph)

A 4

QVR, it it cufficient
o vse omly these

g Su\:porl- vectors





