Inkodveton to Consttubve Relahons

Recall that we are mneed oF 6 wove ec?ua{'\'ons. +to sclve

\QO\‘ 15" unknowns %T‘ o 86'ﬂeral tree dimensional mechanics

Fnro\o'\em. Unknowns —> 6 .s}re.sses, 6 skrains, 3 dr'slalacemen’:

Equatons  — 3 shess-equilibrivm, 6 shvain-dicp vels

Constitutive velatons , or typically called shress—shrain welghom

in solid mechanics gqive Ls b move velahonce

As shkress and shain tensove ave defined at o point,
the constitutive velatonz are local, in the sense that

Pointwice conshitubive velahons are establiched ?f'am 8laba\

experimental tests on a full specimen. Hence we need
to conduct experimente on homegenecus  specimens  Loith
vm'?o-rm geovne}ry, Ioad(n% and BCs 4o ensvre that Hhe

stress T (%) and shrain g(z) Lelds are almost omform

¥ Principle oFf material cbjectivity (or rel Lome ino\ff?@rence)
A vmaterial’s shrese-shain behavior Ts \'hdepeno\en’r OF— e

observer’s frame of vefervence . \/\'o\a‘l'l‘ﬂa, this property would

impl>¢ that material behawvior could be altered b)z sim]o'ly



mmn‘na the 're\cerence ?rame (ov CS'\/_<.> l<]'s \oy ro}ah‘n%

e materfal, which 1= physica"y not tue.

T

* By material ob ) ec:\'iv'd]j ,

£ = £

VJ’
i
Ve

?ix‘eO\ 'mo\rfna,
obsexver

L, 0% =2 (e*)

+ R /) /
e weasured. variables
can chomae 'Pcr two observverse

Ob.s ervey
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IM; A material whose wmatevial constank are
Airechon ole\oeno\en{' e-q. wood
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W: A waterial is said to be homoaenecus i
Hhe wmatevrial 'ProPe'r%!'es are SFaHd”a invasiant
Tn other wovds, the shress-schrain behavior s

game abt all material Foin]‘s, but can stll have

direchonal deFenc:lenCe at o FOinP.

S &

Most eha\'neerina materials at the conbtinuum 'nacroscopic

level are taken o be homcaeneoug.

— Mateﬂ-‘“ 1

~ Material 2

lsoh“oF\c but mkomogeneauJ Not isohs-onc but can

bimehallic P]ai'e

be considered hom aa eneovs



Linear Elaste Consttubhve wmode)

The Simplect conshtubve velahon for solid materials

is the linear elaskc wmodel , whch {urns out to be a
very ac)oc‘ Produ'c'h'oh rmodel oF tHe resFO'nse 0—?— C'omPonenl's
ohich ur\derao amall O\Q'FOTMG"HO’DS eq. steel and concrete

glvucturee uvnder dqi\y op@u-on‘-\'onal locads.

Linear elashec madel can be vied Yo describe materials

which feS‘Pand as -G;\\ow.c\_

> Strains ore small (swmall skain ascomphon is valid)

a> Stress 1S pvoPcrHonq\ 4o gkvain T A & (Hnear)

3> Material returne to its O'rl'ainq] SBOFe when lood is

Yemoved , and the Un]oac\fn& PQ'H‘! is same as the

1oadfn8. path (elashc, but met viscoelashe)

A> there {s mo shkain Tate or lacdfna rate dependence

(Qlashic , but met viscoelacke)

Thts model reP-resents enaine@rfha ma rerials UFl-o ‘heir
P-roPovHoha\HE limit.



Generalized Hoeke's Law
For linear elashc s<olid 5;:] s o linear gmc-ln‘on ofl GU

= D—U = CIJ kKl GKL

Cijkd = i=1,2,3; j=1,2,3 k=1,23; L=122%3

= 31 constants

]
w

l—) tetal constanks Ax2x3%x32

However —there are only Six TndePendeni' shress and shkain

components-  Therefore, we should only fit the relation betw

the independent com penents -
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In wmabrix -Form, *ia locks as 'Fo]lowS'.
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After major sSymmehy, the linear elashie constitutive velation

looks as follows:
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e 21 uvnknown constants

Thus, for on ANISOTROPIC LineAR EwasTic selid material,

e shress-shkrain velakhen has 21 inde[:endenl' elashe constanits.

\SOHoEfc linear elashc wmateriale have qust Q fndePerdent

elashe constanks.

If we consider a swmall cubsidal raterial modeo{i Isolsopic

linear elashe wmaterial and s subjected to principal shrosses

E

6;2 0"*
on ik 4Fo.ces, Hhe cubeid will =
vemain cuberdal O“H’@"" deFormaHOﬂ =* ﬁ'_’ 0—:
Aistork shape change \.L/
Cno stor on/ P nyg ) oo ’
O22



Thus, the movmals to these faces wmust coincide with

Hhe Princ\‘Pal skrain direchons.

Hence, b an fso\'ro’:fc material |, one can relate the

Pﬂ'hdi‘:al shresses 63,%, 063.%, 625  with the three Frfncipo\

P 33

shains €7 e,y €5 -H-rraual'l cuitable elastie constants

nw

A\ona the prineipal divrectien (Say §1*>, we Yhen have:
0—;\* = C”‘| el\* + C”Z?_ ez;‘- + C1133 63-:-

We note -\—ha{' C\]Q_?_ 8( C_“-33 must be. ec:(ual L2ince 'H'IE
effect G’g- UT‘* in the divechons of- Q-: ond §_;;"L (uoh\'ch
avre Fe-rFend:‘cu\ar to gf) muct be the same For on

we Can wr e

130\'r01:~[c material . HeﬂC@; ‘FD“ 0—\'\*>

o = G €7 + Cuaz (e + 63;;)

= (C[H\ - an:.) ey + Chaz CGH*"" € +€3§)

, A ~ —
Q2 x et Invemant
a?- ahain —.)__1

= OTl-)c = )HCQ_) + AM e\?Q

LAME'S ConNSTANTS



for a 3enera\ cooxdinate system; Wt @n be shown that the

six shress ccmPcmen{'s S

b Six S\(Ta;h CC’VY\FG(\Q(\B €|l b} G?.')., Gs';, é‘z; GIS ; Gz;

oW = NbE(E) + QU ey
Gz = A (&) + QM € X, M = Lame’s
Constants
6;3 = A II“'CQ) + a/u 633
& elastic constonts for
Ca = AM €y .
130H0F1‘c Linear Elaskc
Ty = M &3

matevrial

z-zs = QU €

Altevnatively  we can use another dsvm here shrain s

in terms ce skress.

expressed Tt is also called Hivee-
dimensional Hooke's law of- '{sol-ro,:fc linear e1as-Hci'\'3'.
e = [+

= T - MLw(z)L

E - E -
e, = L <GTI — v (63 r 6‘33)> In Yhis vepresentation,
= we have three constanks:
€ = JET (6;'7' - U<0—” N 033)) E - Yobng's Madulus
v — Poisson’s Rato

€y = L (035 = V(o + o))

= G — Sheavr Modulus

le = &é\z = Ca

G H'O“‘QUGP, Yhere are on\\/ two ihcleP.
Yia = A€5 = Gs constantke. Therefore, we have
S
= E
qu = 4 e:{a = T23 &G =

G 3 (11 V)




Physical Su‘gm’%“cance of E, G and V

\
él( = ~l_ <GT1 -V (6_5.1‘\' 6-33>>

E .
€y, = (6—17_"\)(0—\1“'033))

E

€y = L (o - Vim+ )

We can z=ee +that He
normal skain n one

direchon ot cm]\/ olerberds

on Hre novmal shress i
Yralt divechon but alse on
Yhe mnormal shresses Tn other

fwo diyeabhonk.

To understand the Ph\/sfca\ velevance, we can Hink GF x

}ensile ’cesjc:\'n%. gUFP"Se that we have o Yec\-anau\q'r‘ beam

c? length L, breadth B and hel'aht‘ .

Wil
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dets oapply force on the left and vight Loces to sketeh the

beam. So G, will be mnon-zeve while the shear compcmeﬂl‘s

T and Tpa will be zero. Also, we are Mot applying any Porce

on the lateval surface (e, ond o, Plcmes}, so there is no shress

on them. Thnfact, any internal seckion woith normal alana e. &

€s toill vot have any kachon cam‘oonenl'.



The skale og stress  1n Bare cose will Hien be
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This shkresza  will lead to some shrain 'n e \:oo\y. We know Haat
€, is %eneml-ed because the lenj{’h Kk the beam chomnges.
However, €,, oand &3 are also %enerq{-ed . due do slcre-’l-c\m‘nﬁL T
one divection , there will be conlrackion in other two direchone.
But there will be no shear shain generated if we are coveful
in S\Yel-china_ the body uniformly. Thus, the shate of shain for
the reckangular beam will be

€W 0 O

() Young's Modulus (&)
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IF the e\onaa\—\'on is um'@orm a\onz the \en%Hn o‘F the bar, the

local shkrain  will be equa\ o the average nermal skrain . Thus,

= BbL -
€, — €, = LH g, = AB

) it
H B



If we now draw the shkess-shrain curve o?— 6 - €n Prom o

tonsile test exPerimen‘l‘ loy meoguﬁna the c\ncm%e A 1enﬂHﬂ,
we way %e{— o curve
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- en
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The nibal slo[:e o@ Pri's %YO«Ph gives s the Youna’s yodulus

E = o6

—

2 €y,

€Eu=o0

While c_omPu)c‘fn% das derivabive from the caraFln, we sheuld
not have ., or G3; present. E ssenbially, the Teclrom%uh“r‘

beam chould be skrelched in sven o woy that it can @ree(y

chrvink in the l\lateral direchons.

For a uniaxial tensile +test expeviment, we <an Say that

On = E &,
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\ |
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o / (-(:ov small €|,>



() Poisson’s rakio (\))

The Poiscon’s ~aho 0?- o watevial s defined as

v = — Lateral movymal strain

L on%i Ludinal noermal strain

[n o ouniaxial tensile test, we directly impose }ons\‘t-uolma'l noymal
strain  in the g,-direchon and this, in tvwn, induces strain
alang €, and ¢©; direchons. Foxr an \’so'h*o]:\‘c |:>o<:‘\7cJ the lateral

gkraing in these divechons will be equal .  Thus, the Porsson’s

vaho {Zrmm o. vniaxral tensile €><Ferfmen{‘ would be

v = - €2 - €as
€y <€)

We can ales derive the Poisson’s vabo ?rom the <glress-shkain

yelabion

. él( = ._1_. <GTI - (G—zz+ O—;3>> In Phe tensile .1.@3{_)

e £,, = _\__<6§7_— (07\-\'033))
'\/\f@ 3e\-, the same i?ox-mu\ak
= ez'z= _—\)—-OT\ = =V €,
E
SRR CARICITA)
= € = - Gh = \)én /



(3) Shear Madulue (Gl)

Y, = aé, = Ta We can see that sheoayr modulus
& ls given by

Yia = A€ = El'_S_
- G = Sz = Ty o Cas

Yo = A Cas = __(:;Ts Y2 _\;‘: Yua

Se if- we nduce shear n a body and measvre tHhe

Corve s\DGY\d(Y\% shear sglress,

the vabo o@- stress +o shain woil)

%We v Hhe shear wodulus.

Motivated by this, lets do an experiment with the

vectangular lbar, where the bar is fixed at the boltom

and we OFP\y shear I(—o'wrce on Hie k—oF ‘Face ( with novymal g,)

This e%ech‘ve\y imposes  shear stress Tz 'n the Body - Due to

this, the boar shears : lhe in?h‘a\\y perpendicular edqes Gg' the

front fmee get inclined  ond shear shain ¥, would be equal

o (%_ oma\e between tuo eo\ge&) . Tf we dvaw A& Ty ve Yo

curve , ﬁ\e in‘{-iQ\ S\OPQ OF qu cuxve 3(\,@3 6 = -C\'l
Y\‘-L

Y|2= (o]



Rulk Modulus i E\ash‘ci\y )

youna's modulus oF— elasl—\‘cil'g velates novrmal shess with

voveal shrain . Khear wodulus  velates chear shress with

shear ghrain. We will vow define bulk wodulus of- alashieily
which  velates velomebie 2hvain (€)) with volumehie skress ow
equivalent pressuve.  lohen we apply pressure ‘o o fluid Cliquid /
%as>, its volome decreases. This decrease can be quantified oy

volumelrie chain 3iven \oy

\/olvmelrie s\rraw‘nl é'v = NV

IF o pressure inerease of AP 8ene'ra¥-@s volomelri'e 2hain 1'n o

\Qiu\'o\) bulk vwodulug 1s then given by

AP
A
V/V

K #UA\'& = -

Fov selids, the eciu{va\eni‘ pressore s cbtained from the

hydrostatic port of the shess tensor Peq

The neaa’rl've sign comes becavse [DTQSS'U\"Q s ccm]:'ressfve in vnatvre

while the normal CGMFOHeﬂ'l' c? fraction s tensile when posibive-

Therefore, o <—I\(g:)/3>

.,
Sy 2

Kso\\‘&s = =




That s,

T e 1 k(D)
/ €y tr(€) *ow(g)
Bulk modulus
of elas’n‘cil:ﬂ

The bulk wodulus 0[2 elos{-\'cil':l can alse be exProsseoq in lerms oF
elashc conskank E  and v, Lo is<:h~a7>fc materral.

We have the ‘@ollow(m}:

€yt € t €y = —‘-E (Gﬂ"' G2z "'°_§s> - ai (O-Tl +0‘;_,_+0‘35>
E
= bw(€) = 1—av K (T)
E
= K solids = __L
3(v-av)

Thie s an imPor}arﬂ' velabon . & tells us that bulk modulus
K is not an independent constant. If you know the Youna’s

modulus E  and the Poisson’s watd vV, you can %et the Bk
modulus  Using bhe aborve relation. Fourkhervmore, this velatiom
olso gives an uvpper limit  for the Poisson’s vabio. (dvscosced-

neyk)



Theovehcal limits for Poisson’s yato

The Poisson’s ~vabo s 'ugua'ny Fes]ﬁve_.

Auxetic material

\/\/\/>
DD
NAVAVAVA

\/1\

(o) Before loodin% () Aftev lood{fn%

From the welabon,

K sohids = .—E__ > o

3(v-av)

we can deduce that when v ic very close to V, , the bulk
modulus  becomes very large. TFor such waterialy, if we apply

o finite amomt of change in equivalent pressore , the wvolumekic
abrain  induced in the body would be very small. This =iguifies
inc‘omp‘vessibim-a. Thus, v— 14 COTres‘omds }o the inamepressible
imit. At other exlreme, waterials such at cork coan have Roisson

robo clese o zevo.



To obkain the lower limit -ﬁa\" the Poisson’s rvah'e, we can uvze the

yelabion
-__ B > O
20+

The Young's modulus B and the shear medulus G ore both
Pos'll'\'ve quanH'H&- As a resolt, +the denominator in the RHS

must aleo be positive, i1.e.
2a(l+v) >0 = v > -1

_\_\_'wns, Yhe theovehical limit Lor Poisson’s vaho:

LT LY




Thermal Skain in linear elashe |'sobrop\‘c matenal

n the elaske Tegion the effect of {-@mt:erai-ure on shrain

appears in two ways

(a> by cousing rodifricakt on A the elashe constank

(o) loy c\irec\'\\/ P’vuoluc\‘ng shrain i the glkcence o% shrecs. The
Shrain due to -l-emPem\wre ckan%Q {in the absence cF- shress s
called therwmal shain and is denoted Joy §.L-

uneons trained.
For an ,\isa‘l'm]:fc ma\'eria\) thermal shain \woo\uces pure exl:q-nsfon

or conbrachat b o shear-sheain amn\aohenh. fc\q.e, .(Zw +@mP-

c‘\ahses ch— one o hwe hundred dejrees 'Fakren\-\ei:l') on€e can

c\oge\\/ describe  Yhe oactwal variation b7 o \linear aFP«roxfmﬁaA.

The Hermal shaine due bo o c\nanae in tempevature brom To T

t t t _ _
€ = €y = € = R <T Ti)/ AT
\ Coe'w—{c\'@n% oT— 'H'\erma\ exroms\‘on
t = Y t = Y t = 0
12 22 12

The Yokal gkwain at a Foin"'r in an elashe kod\/ 12 the sum o?—
thot due Yo sghess and that due ‘o \'@W')‘:s’r‘o.‘\'ure.

e = €5+ "
0 1
{'o\-a‘l elaskie Prevmal
Strarn chain S\\’ai}r\_



'Tﬁus) the s\'ress—sl'rain—{:em?era’ruve velahona '?csr a  |ineor

eloste l'solvop\'c matevial (& ac oFoHow.S'_

e t

€ = €y + €, = JE— (0‘\1 -V (0, + 033)> + o AT
e t

€ = €, t+ €, = JE_ (0;2-\)(0““-1—0;3)) + o AT

e
€, = €, + € ‘é‘ (92.-V (0, +02.)) + & AT

33 =

€a = Y <7, | €= N 7, €, = Y .,
B E =1

A[’ce’rna'\'i\rela, , one con invert the welations and express

shkvesses in terms of- ckrain  and temperature:

Gy, = P l‘*‘cg) + An €, — P AT
Sza = X b(g) + aue,, - B AT
0-:;5 = f>\ h’(g) + QM egfs - B AT

Tz = IAm €z, Cia = aAM €z, Tas = JMEz

& <YlYess-s<ckrain-tem Pefa'\'ufre welariong.

These P-rov{cle



ComE\e{'e equa'l'l'cms Og linear e]agb'cﬂ;ng

To know the dfs!-ribu’l-n'mo?— shresgs and

shratn inside & material ]oodé iyl

subjeek o !
0> Known dfsPlacemehi‘ on diSP- d'g‘lr
boundary 4L da,

u(x)=u’(x) on d2,

l°> known 'P‘O"‘CQS on brachon bovhdqry O\_Q—%

()n(%) = £ (%) on SN,

19

C‘> Known ‘nereocsgse In }-@mpem?ure AT

We can sgolve gll 1S equations c?- lineay elastiaity

¥ x 2 egns EE\_i+bl‘=0
a:cj
M (og—_b_! vela 5\;\'=-;‘,\- -’z—:_;+?a_£1l-‘;>
M x 6 T-€ vels: Of = Abw(E) + Au&; g - pAT
B-C.: for xon 20, G5 (x) n;(x) = J.—L-n (x)

B-C : for % on 3Q,: u;(x) = u; (x)



