Shkain - Dfs‘:\acement‘ Relaton

Eorlier we have described normal stkain and shear

shain locallg at o Poin’c in o bocl%- However, even
knowing these <hkains locqllg everyohere in o bedy

ie net convenient to o\\'vecH\} determine what slnape

the bodg will ac{uqllj ke Tn its c‘Q‘Po'rmed conﬁ'aumh'dh

A more convenient oy to define the deformation is +o

describe the drsplacement vector  u (%), for every
point A (%) of the bcdy in the uvndetormed canS

Ob«r\‘ouﬂ% Hhe shains arvre ao\‘na_ to be rvelated o these

dn’sPlacemenls 30 we need 1o determine thete shkrain-

dis P]o.c ement velahone.
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From te 8@0meh‘y we see that the Pos'lh'ovw vectors

o{-’— Poini: P(x) and P*(X) are velated as:

R®) = v(x) + u(x)

Now consider o small line seamen"l" at F’c A, d‘:n , of
leng th O\Sn, oriented a]ong vnit nermal M in the

uno\e{'\ormeo\ con-F.‘g. This |line seamen‘t‘ Lpen olerforma'hbh

becomes dR, Cof length dS,)
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Di\r\'dfr‘l% the vyelaton by He Ienqu o? C:"_Y_",,1 wohich 12 O‘Sr1l

we qet:
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US\'ng this resuvlt in the defn Oe- Gsreen—\.aarange normal shain:
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S\'milarlﬁ, i we consider a line element dr_ of ]ena%h
ds,. ond oriented a"ona. another uvmit nevymal L, we would
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Fucther us{ng_ the def—.‘ni-h’on o‘F Green- Lagromge shear

elvain -

dRn . AR:
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0. dsn O\S.e.
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l_{: we wnow consider that shains are very amagll s. +.
we can nea|ec{’ the products of the displacement 8'ro\dfen-‘rs

then we end vp with infinitesimally amall shains in terme

of drsplacements ot the point of interest:
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The o\isP\acemen’t vector U can be teriten in terms of

its scalar comPornen{'s in the e-s,-e5 csys.
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The %radfenl- c{-‘ the d\'sPlacemenl' vector can then be

oritten as: U, [ Du, du, ou, |
%md 9 Us aa(l 9’(?_ 33(3
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Note the delns 01'1 nermal shain €,4 and gshear <hain €3

ore valid -?or any mwl'uany P@r,:@nolfcular- direchions N and t
We can comFu{—e inﬁni’ce.sfmq\ small skaing ?or line seamefn?:s

oriented alona €, €2, ond &5 direchons

Nermal shkraing a\oﬂa. e, €, e, directions
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Shear shkaing -ecr- +wo mu}ual\\d_ FerP@nc\fc.ulc-r- line elemenk
a\ong CG_?,, gz_) , (e, §3)) (e, es)
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We can worite e =hkain TENSOR USing displacement
gfnd(enl- as follows:

nd-order tensor —» €

= (Y 4 + Y LJ_T)
(also Sy\mmehfc)



The state of shain at o Foinl' Te given by the shain

tensor . The ghain tensor (much like the ghress tenstar)
deperd on]a on the P’c 2 not on the ovientaton of the
F\ane at the F’c, however, the shain mablix — which

s the representahion of the shkrain fenser (n o chosen

coordinate system — depends on the chetee of the ceys.
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If He shtain tentor at o pt s Known, one can describe

the Qeformation of o small cuboida! element at Hat pt

whoce -Poce noarmale are oriented a\on& bhe coor axes
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