Tutorial 8 solutions

Q1. Suppose a solid disk of radius ‘R’ and a hollow disk of inner radius R' and
outer radius R? are shrunk fit together (assume R > R'). Further, assume
that no external pressure is applied on the outer hollow disk and that no axial
displacement is allowed in the two disks. Let the two disks be made of the same
material. Only radial displacement u, is generated in this case.

(a) Write down all the boundary conditions/ interface conditions required to
obtain variation in radial stress o,, in the two disks.

(b) Solve the governing equations and obtain expression for o,.. in the two disks.
(c) Obtain an expression for circumferential /hoop stress too.

(d) Draw plots for variation of both radial and circumferential stress.

Solution:

(a) Before shrink fit
R+ul"(R) p*
Y v O\ B+ u?(RY
- < Q
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(b) On shrink fitting

Shrink-fit insertion is usually performed by heat treatment, i.e., by heating the hollow disc
(thereby expanding its diameter), fitting it over the solid disc, and then cooling it. This
results in the hollow cylinder to prestress itself and sit tightly over the solid disc. Alterna-
tively, you could imagine that shrink-fit results in the application of pressure p* over the
external surface of the solid disk and over the inner surface of the hollow disk, as required
to eliminate the overlap R — R!.

We denote the solid disc and the hollow disc by superscripts (1) and (2) respectively. For
example, o) and ¢@ represent radial stress in solid and hollow discs, respectively. For
the problem at hand, the discs will only undergo displacement in the radial direction, i.e.
ug = u, = 0. As no body force acts, the radial equation when solved leads to the same
solution for radial displacement or radial stress as in the class. In terms of radial stress, e.g.,

oM (r) = AV/2+ BO/R, 0@ (r) = A2+ BO fr?




or, in terms of radial displacement, we have
uM(r) = CWr/2+ DY /r. uP(r) = CPr/2 + DP/r.
For the current problem where axial strain e = 0, we had derived in the class
AW =2\ + ), BY = 2, DO,

We have basically four independent integrating constants which will require four boundary
conditions as mentioned below:

(a) Boundary conditions:

rr

R+uY(R) = R, 4+ u® (Rl) (Shrink-fit condition)

cV(R) = o@ (Rl) (continuity of radial stress)

ol

oM (0) = finite! or u(V(0) = 0.

rr

(R2) = 0 (Traction-free boundary condition)

Note that radial stress is continuous at the interface. The same cannot be said about hoop
stress. In fact, the three traction components on the radial plane will only get continuous
across the interface because they form action-reaction pairs on the two radial faces of solid
and hollow cylinders at the interface.

(b) In terms of the unknown constants appearing in the displacement formula above, we can
write the following for radial stress:

o)y =N+ p)CY —2u DD /2 B (r) = (A + p)C® —2u DP /12,

Next, we apply the boundary conditions to determine the four integrating constants.
Using oV (0) = finite = DU = 0.

Applying first boundary condition: ¢() (R) = @ (Rl)

D®)
= A+ Y =+ p)C® -2 R (1)
Applying second boundary condition: v (R) — u® (Rl) = R' — R
R R' D@
wlt  eft DY o 9
= 005 - 00 - T = R'-R, (2)
Applying third boundary condition: ¢(? (Ry) = 0
(A )P 2 s 0 (3)
= (A + ~ — 0.
H H (R2)2

Solving equations [1] [2 and [3] we obtain get OV, ¢® D@
(c) Once the constants are known, we can get circumferential stress ogg as follows:

7 (r) =+ )CY, 03y (r) = (A ) O + 200 D [,



(d) The plot of radial and circumferential stress variation would be as shown below. Note
that o,, is continuous but oy is discontinuous!
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are both equal and constant

in the inner solid disc

Q2. Think of an isotropic solid cylinder that is glued to a rigid plate at both ends.
The two rigid plates are then pulled apart along the axis of the cylinder such the
normals of the rigid plates remain aligned with the axis of the cylinder. It turns
out that ug is zero in this case but u, and w, do arise. Furthermore, (u,,u,)
are not functions of # coordinate. Assume that the deformation of the cylinder
is such that every planar cross-section of the cylinder (z-plane or axial planes)
remains planar even after deformation but it does change its radius.

(a) What can you say about the dependence of u, and u, on radial and axial
coordinates (r, z)?
(b) Obtain the strain matrix and stress matrix for the above problem.

(c) Show that the #-component of the stress equilibrium equation is automati-
cally satisfied.

(d) What boundary condition will be used in order to solve the above deforma-
tion problem?

Solution:
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(a) As the rigid plates are glued to the ends of the cylinder, the end cross-section can
neither shrink nor expand. But, as the plates are pulled apart, the cylinder undergoes
extension which will mean that the radius of the cylinder will change non-uniformly!
Therefore, u, is a function of z. Also, u, will depend on r since the value of u, at
r = 0 is zero but it is non-zero for other values of r.

Finally, u, does not depend on r otherwise a plane cross-section becomes non-planar. It
will depend on z though otherwise there will be no axial strain! (Note du, /0z is axial
strain).

(b) Strain matrix

Ou, 1100/ Oug” wg| 1(0uw , Oyl
or 2\ r,00 or r 2\ 0z r
d = vour' w1 w100
r 00 r 2\ 0z r 00
ou,
| sym 0z .
r ou, 0 lﬁur
or w 2 0z
= {g} = 0 ?T 0
lc‘?ur 0 ou,
L2 0z 0z

Notice that 7,, # 0 which is a departure from the case of uniform extension-torsion-
inflation case. To obtain stress matrix, use o;; = A tr (g) dij + 2pe;; which leads



to

Opp = >\<auT p oy auz) + 2/~Laur

or

ou U ou U
=\ ! - z 21—
700 ( or + r + 0z ) +oen r

o = ) aur_i_%_i_@uz +20u2
= or r 0z H 0z
Tro — QGETQ = O

Ty = 2G¢, = G—

(¢) The #-component of stress-equilibrium equation is

87'97« 1 80'99 87'92
or r 00 0z

+ 27 Lp—0
T

In this equation,

o T
Tor = Trp = 0, 80 —~ =0 and = =0,
or r
Jo
0gg is not dependent on 6, so 8—;9 =0,
8792
To, = 0, so =0
b= 0z

no body force and statics condition, so by = ag =0

So, f-equation is automatically satisfied! It happened due to the assumption of ax-
isymmetry which allows the reduction of equilibrium equation from the whole three-
dimensional cylindrical domain to just its r — z plane.

(d) The boundary conditions along the four edges of r — z plane are:

Atz = L/2

u(r,z=1LJ2) =0

u, (r,z = L/2) = prescribed displacement!
Atz = —L/2

up(r,z=—-LJ2) =0

u, (r,z = —L/2) = prescribed displacement!
Atr =0

u, (r=0,z) = 0 (this also implies ?(r =0,2z)=0o0r 7,.(r=0,2) =0)
z

om (r =0, z) is bounded!

At r = R (outer surface) traction free
Orr 0
= 19| = |0] = 04 = T =0 (19, = 0 is trivially satisfied)
Tor 0



Q3. A 50.8mm diameter steel tube with a wall thickness of 1.27mm just fits in a rigid
hole. Find the hoop stress if an axial compressive load of 1424kg is applied.

Solution:

Note that it might seem like a uniaxial loading problem, however, this is a biaxial loading
problem, since an unknown pressure is acting on the outer lateral surface. The axial load
causes the steel tube to compress axially and expand radially but the wall being rigid does
not allow any expansion. So, in turn, the wall applies a compressive pressure on the outer
surface of the tube.

We can say that ug = 0, and u, # 0, u, # 0. We need to find out gg9. Let us first find out
Ozz

B F B F B F B F
Ozr = m(D2—d2) ~ w(D+d)(D—d) ~ w(d+2t+d)(2t) 7T(d + t)t
4 4 4

here we used the fact that o,., does not vary through the wall thickness as proved in the
class. The solution of o, and gy from radial stress equilibrium equation in cylindrical
coordinates are as follows:
A B A B
Tyt WMo
The values of the integrating constants A and B are obtained using the boundary conditions!

Traction BC: No internal pressure:

= O0pr (7“1) =0

We can’t say o,, (ry) = 0 since the outer constraining pressure is an unknown.

Displacement BC: No radial expansion along the outer boundary:

ur (rg) = 0.
The radial displacement u, is given by
Cr D
Uy = — + —
2 r

and the integration constants A and B of the radial stress o, are dependent on C' and D
in the following fashion:

/ Uy ’ /
Opr = A (ur +—+ uz> + 2uu,
r

:A(C—D+C+D+u’>+2u(C—D>
2 rz 2 2 N 2 r2
:(A+u)C+Au’Z—2“2D

A)2 "
A B
T2 g2




Thus, A and B are related to C and D as follows:
A=A+ p)C+ I, B=2uD.

We also have u,, = 1/E(0,, — v(0, + 04g)) = 1/E(0., — v A) which when substituted in
above equation leads to

C=1/N+p)[AQ+I\/E) - \E 0.,], D= B/2u.

So, the final equations to obtain A and B are

A B
O'W(’f’1>:0:>5+7%:0,

1+ M\ /E B F
) =0 A 2y
ur(r2) 20+ ) 2t 217y v/ m(d+ t)t?ﬂ2

One can then also evaluate ,,(r2) to obtain the unknown pressure load applied by the rigid
hole.

Q4. An aluminum shaft with a constant diameter of 50mm is loaded by torques
applied to gears attached to it as shown in Fig. Using G = 28GPa, determine
the relative angle of twist of gear relative to gear A.

600 N-m

Solution: First note that the net torque on the shaft Ty +Tg+ T+ Tp is zero. Hence, it is
a static problem. The +e5 is taken along the axis pointing from D towards A. Accordingly,
positive /negative torques are determined by the right-hand-thumb rule, with the thumb
pointing along the +e; direction.

To determine the relative rotation of point A w.r.t. point D, we need to determine the
relative rotation of individual segments AB, BC, and CD using the formula

TL

Q==
GJ

The torque in each segment is different here though which can be determined from the below
torque diagram - it depicts variation in torque along the shaft.



Torque diagram

300

-600

-800

If Q4p is the relative rotation of point A w.r.t. point D, then

TapLlag +TcLpc +TepLep

Qap = Qap + Qpec + Qep = 7

Q5. A hollow bronze shaft of 76.2mm outer diameter and 50.8mm inner diameter is
slipped observer a solid steel shaft 50.8mm in diameter and of the same length
as the hollow shaft. The two shafts are then fastened rigidly together at their
ends. For bronze Gp = 7kN/mm?, and for steel, Gg = 12kN/mm?. What
torque can be applied to the composite shaft without exceeding a shearing stress
of 55N/mm? in the bronze or 82N/mm? in the steel?

Solution:

The shear strain 7y, varies linearly with r in both materials since the two parts are fastened
together rigidly. Hence

_%_f_}au‘Z_
792—82 r o

Kr
Not that the twist value k would be the same in the two materials. The shear stress 7y,

is proportional to shear strain but shear modulus being different for two materials, it will
exhibit a jump across the interface for the two materials - see figure above. Accordingly,
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total torque in the cross-section equals
[[redaa=[[ Gswraas [ [ Gpri*dd=Gsls k+ Guls n
Steel Bronze
=T =1Ts + T;g.

As the twist x is same across the cross-section, this allows us to write the following relating
TS and TBZ

T Tg (GSJS)
— Te = T
sts GBJB =45 B GSJB
sts (Gst -+ GBJB)
o s+ s B(GBJB) L A
GBJB> (GsJs + GpJp)
T =T Tg = T T = T
o s = de s (GSJS ST Geds

Here Jg = wd*/32 and Jg = m(D* — d*)/32. Next we need to check for the maximum
shear stress in each of the parts:

Steel
Ter Ted 2J
TS maz :9]83 = i < 750 = Ts < Tstol dS
Bronze
Tgrp TsD 2Jp
maxr — == S ol = T S ol T~
7B, J5 25 TB,tol B TB,tol D
T — mindr 2Jp (GsJS + GBJB) . 2Jg (Gst + GBJB)
— Bitol D GBJB y 1S,tol d GSJS

Q6. The compound shaft shown in the figure below is attached to rigid supports. For
the bronze segment AB, the diameter is 75mm, 7 < 60MPa, and G = 35GPa.
For the steel segment BC, the diameter is 50mm, 7 < 80MPa, and G = 83GPa
IF ¢ =2m and b = 1.5m, compute the maximum torque 7" that can be applied.

Solution: Let the end reaction torques be T}, and T, respectively, at left and right fixed
ends as shown in the figure below.
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Torque diagram
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The two reaction torques are unknown. We can use the moment balance of the full beam
as follows:

ZMoment about es-axis = 0
=-Tpg +T — 1T, =0 or T =1Tg + T},

which gives us one equation. It turns out we do not get any further equation from statics to
obtain the two reaction torques. Hence, it is also called a statically indeterminate problem.
We need to use torque-twist relation to obtain the two reaction torques that we now show.
Let

Qpc = rotation of end C w.r.t end B,
Qap = rotation of end B w.r.t end A,
Q¢ = rotation of end C w.r.t end A.

Since the two ends are fixed, no rotations are allowed at A and C. Therefore 24 = 0.
However

Qac = Qup + Qpc

= Qup = —Qpc
TapLap _ _ TcLpe
GapJap GpcJpe
TLCL o TRb
~ Guls  Gsls
So,
b GgpJg a GSJS)
Ty, = T | — Ty = T | = 4
L R<a> (GSJS) oriR L(b) (GBJB (4)

So, total torque

T — TL n TR: TL (GBJB[) + G5J5a> or T — TR <GBJBb + G5J5a> (5)

GBJBb stsa
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Check for bronze (75max < Tiol,B)

_Tprp < Tl

Tomaz = 7 = TL >
B

B

So, using Eq. [} Total torque

T < (Ttol,B JB) GpJpb + GgJsa
- GpJpb

B

Check for steel (Tsmaz < Tros )

Tgrs Tiol,5Js
Ts,max — i = TR < 7’7’
S S

Again, using Eq. [f] total torque

T < (Ttol,S Js) (GBJBb + G5J5a>

s GSJSa

Maximum permissible torque T will be minimum of above two values.
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