Erergy Methods

In the last lecture, we talked about deflection 0? beams

subjected 1o transverse loads and wmoments. However, often, we oy

be intevested mnot in the full deflection profile

o\e{‘lech'on at o sPeciﬁ'c Point' in the beam- Yor such coges, E‘V\E'V‘ay

but enly in the

metede offers on easier alternabve o %’noQina at cerlnin  peinks.

External Work and Shain Energy

we figt define the work caused by on external -Fo-rce/vnomen’r

ond show how 1o express this work 'n terms cg- o \oody(j shair

energ)a.

Work done loy o -Povce/vnomemi‘

A force does work when e force ae,{—\“ha ot o point on Hie
body Unclewrgou o o\\'sF\ocemen\.- in Hhe came direchorn os Vhe '?\:/rce

/d\'s‘:\ace‘mevl:l' in the same direchon

}Ue = F dx as the force

work dene

If the ‘ohal o\(splo\cemew‘r: 'S §, Yhen the external work done is:

S
Ve = S F dx
&milar(z, & voment M does work tohen it Causes a ryolahon d®
along its line of action. The external work dome by moment due
to a tolal velahon «f O is: \e
S}
Ue = JM a0 v
M
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It o Force/-momen‘l' 1S %ro\duot\'la am:]fe& 1.e. increased from
zevo to some value P (drM)) with  the cahreSPovwd\'n% Aeformation

Co\\'s‘:\mcemen\- /vohh‘%) inc«-easinz forn o0 t o Fnal value

then %The work done n Hie case o@ linear elashe wmaterial:
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Now, goppese o force P s already applied 4o the bedy at
o point  and another force P’ (s applied grodually at the
same point  such that the body is displaced Lurther by g’)

then the oddibenal work dome by

P P
51‘! P ;S
' I
Ve = P&
P’ M
P

g\'mi\ar(g, %ov o womeat

that is a\*reod& applied +to
the body and other loodinge
Purther votute the boo\g on
an amt O, then the oddihonal

/

work done s - Ug = M Q'



Stain Eneg'y stored in o boc&y

WOhen loods (-Qorces/ woments) ave a):-):ﬂa‘qal o o bady, -l-‘lwey
will deform  the waterial, and if no emergy is lost in the form
of heat oc sound, the external work deve by the loods wsil\ be

converted into ijaternal stored energy called Hhe c<hain enevay.

Lrain energy is stored in te \oody and ¢ coused by ochon

o{— either nevmal o shear shress.

Srrain enevqy due 1o NorMAL STrESR

To aoblain shain energy cavsed by o newvmal

stress, say oy | consider Hhe volome element A
p

The gorce created on element’s top A lbotom /ﬁ—
dz
sur{-aces: J/

dF% = GOz dax Cl)’

L

T Pnis fovee s applied %vo«dua\\y and the
Ca\-responding o\(sp\ace-men'l.- in the geme direabion as oz s

d8; = €zd= , then work done b)« dFz s

?){ = L dFf: dge = _}:i@; dxdy) (€z d=)
= |
Thic is called =3 62 & M’E
the internal stesred dv \Volome af. Phe
skrain enerqy . I+ s element

olw06£ Fosih’ve.

For o bocﬁy c@ —P—ini{e site, e shain enevrgy 1n tHthe boé!y 'S

linear 2
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Shain enerqy duec o SueEar STrECS

Heve MHWe =?¢rce ach'na on the 'l'oP

dF = T o\xdy

Caus(na He surface o be o\w‘sPlaeedl

by Y dz velakive Yo boHom suface

The 4wo verhecal suwfaces only votate ownd therefore Me chear Porces

on these faces do vo  work. Hence, shrain enevyy stored in Hhe

volume element becomes

avi = L (T ax dy) (r de)

= 1 TY axo%\/ d=
a —_—
av

= 1
= T Y dv

'Therefore) strain energy gtored in a \oody subjecbd 1o shear shess:

U; = J‘cvo\\/
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or linear elashc yaterals Y = and
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Fox %eneval state af— shress ;. the total shrain energy in o body

becomes
L = S _3‘2[ w &t Oxa €22 + 055 Gas
\V}

+ ‘CR Y\'L + Cas st By le )/\3] dv

Tor linear elashc matevials:

i = g[all_:_ (6 %+ 6.7 + 955 - Y (0 02 + 632 Ga + 6 535
Vv
+ ;{LG\ (Ta + T “'I;)] AV

Lf one comsiders chrain enerqy in coordinates qiven by principal

d\'r@ch'orvs) Men the expression —?cnr shain energy vyeduce: o o

s'lmP\er Porm:
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Elastic slkrain energy Lor various types of looding
& = U

Usfng Phe expressions developed ‘@ov‘ clashec shrarn enerqy,

we will mow write downt skrain energy stovred 1 a \ooo(y when

0. vnember Is sxxk\)‘ec\-@o\ fo an axval laad, bencﬂinﬂ ynament

brans verse s\neq'\r, and ‘Ytovsiornal vmemenlt -

Axial load
Stress 03 = N®
A
\l
e Strain en Yy,
h L = S o* av
v AE
- j NX  dv
QEA®

If we choose o diMHevental segment  of the boar havirg

a  velome v = Ao\x) e the %enem\ {Zormula ‘F’U" U,




Beno\ing‘ Yr\omevt"l‘

Bendﬁna shress
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Ao, shain energy due to ‘oeno\in% is

b k3
U = j M=) dx
) aET,

To evaluate this skain enesqy, \ou must express He intevrnal
bend\’nﬂ woment as a dunchon o@ it posihon 2 G\‘G‘na e beam

ond  then t:@\'(:o\-m Hhe in\-e%m{'fom. over the enhtire \eha’r\'\ A beam.



Tyraansverse shear

In o similar %s\w\'on) one can work out bthe skain energy stored

due to iaternal <sheor Pm—ce AV4

-
U; = g V(0 dx
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shear correchon -Pac\-dv/
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