Extension - tocsion— l'h'F[a'l'\‘on Frob\ems

\'f we OFF\Y axtal feree o o eylinder \oV applying
bochon on ite two end cross-sechione, the cylinder Lo\ |
%e’c shretched. Such o\eeormah‘or\ ic called extencion
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If we hold the two ends c{z- a c5\{nAQr and yokate them
i om:os'\\-e divechions, diMerent cross- sechons Ff the eylinder

ot N %esc votated \o)a d\'?{zeren{' omgles . Loen o\e('—ownq{'\"ov\-
is called -’fwish‘ng or torsien and chfm‘res l—orque a?— equal X
opposite divechons aPPh‘ed at the ends of the cylinder.

— )

Finally, if we aFFly pressure to o hollew cylinder ‘(lmmn

within it {aner ca-\rﬂ'y) fhe inner and puter radii of—

the Qs\\‘nde‘r increages. Kuch delovmation (s called it ahon



The \(nean‘lﬂj allowz ve {o vse the Fm-m‘nc\‘Fle a€- SU\:@rFosih'on
ire. we can oblain soluhion to extension, Yorsion, and inflakion

Fro\o\em.s \'nc)\i\r\‘o\uq\ly and then combine the individual golutiong

to oblain scluhon © the combined \oao\ing Pfob\e\m.

Problem definition

Consider a hollow cglinder subjected to oxval Lorce F,
torque U, and

internal £ external pressure  P: and P,
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We will solve this \D*rob\em Using Cﬂ\fho\r\'ca\ coovd mates.
We will need ‘o &nd
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gimpli(l\‘cql-\‘ons vsing cerlain  assvmphions
¥ U A

The o\{sF\acemGﬂ\' co)mFa\’\eh:l's axe n 3@‘0@\"&\ %u‘nc,l-\brvs d?- Y, 0,%
Uy = \)\‘.(Y‘, S, z) > Ue = Ys (Y‘, 8/"E>) Ue =Ueg (*)GIE)

For He special cases oe— defovrmahon that we are dea\fnj with
Some olelsendencfes o@ the o\fsl:\acemenX- ccychnen{s on ¥, 8, and =

con be yvemoved .

(&) Axisyrmmelry assumption

Due +to O\sc\’syvvxme\'ry o@ the looo\\'ng aFPlu'gd o the ctjlino\er

bhe deformation induced would alse be O\X\'cymmel\'\'a‘
— rnone o(’—— Yre o}‘\'s‘:\o.cemen% components depend en O

i-e. \'F wa congider any bwoe Foinh in the C_ﬁ\fnder with the
Same Y and 2 coovdinates but different O coordinate, the

o\isP\acemer\{' at te two \ooinl-s ore SKAME.

deformed line element deformed line element

‘ vhdeformed ‘ vndeformed
l’ne element line element

Non - axis\,mme Wi

Axisymm etric
deforrmation

deformation

Ue (v, 8,2) = u.(v, %) Aue 4o o\y{symme\'ry

MS CY" &)Z.) = ue (Y‘/ %> oe- 100\dih8 oand Hal

in eomeh-y ov% uglino\e“r
ug (v, 8,2) = u,(vz) L



Cb) No anrlaina o{L Cross-sech'%

A ‘boin{-s in O 8iveh cross- sechon have the same & coor
The displacement component u. o\\'s?laces these points in
Hhe oxial direchion. Tf u, ahanaes wth v, two Foin}s on

such ¢/ (havm% Aifevent vadial coovdinatre) would o\{sP]qce
in e oaxval Adicechon \oy different amounts. Thig will make

H.\e d\e{lormeo\ C/s n@n»planar, which ¢ called warP\‘hg 0@- He

We ossume no <cuvch uoa'r[:\ng oceunrs .

plane sechon

- U, (v, 2) — U, (=)
Temains
plane bkefure

warped C/s and aMrer deformation

(¢) Axial homageneily
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Axtally non-homogenesus
I +the d{s‘:\acemen’c u, Is independent £ the
axial direction =, then one oblains axial homogeneity. If say
Ue changes with 2, the final rodivs of o cylinder (with inihally
constont rodivs along the axis) ak different locations along the
oxis will be different and the deformed ccm%‘gum’n‘or\ )\ no

\ong erx be simF\e.

axial
Ue (v, %) > U (T>
\nmcgenei\-_\j



(d) Ue generated only during torsion
4 7 dJd

We alee have some rveshriechorr on Ug -

Both extension %
inflation generates axial and vadia) Aieplacements (“elur)

but no Ug Yor iso\roFic cy\ihclers-

An awl\‘cqh-oﬁ og—- torque, on the other hand, couses a '\BF\'ca\

/s ‘o vokate which on\y %ene‘ra\'es Ug For TSGHOF\‘Q Cg\ino\e'fs-

To quanbt this displacement U let us consider a C/s
q P o)

Yre ca\fno\er whic\h  yvotates by oan ong\e A

A cross- sechion af- a c(j\{no\er'
Yo’rqh’na loy ahca\e A; o point
on the C/s disp\aces due ro this

totabion from (¥, 9,%) to ancther
pt (v, 8+, 2)

Wwhen the are (Yo() is smqﬂ) it would become a s}rq{jhi‘

line in the eg- direction. Thus, we will 8et‘

Ug = A (2) v (\(‘— & is very small)

‘h Yhe case O{- -l'ox-sfon) A

can be writen in terms d end-to-
end volahon (2 - \f the Tightmost Sfs Totates by _-;_):. N one
Airection while the leftmost G/s volates by -L;: in the other dir
Yhen
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have sEmP\f\t—\"Q& ovr o\\'s?\cxcemen%s oS

Ue = u.‘,('r')

We = % T T ] Ohly appears in the coase of—%orsfon
UE = u_e (z)
. gimp\(%’ec‘ S\'a'ain-o\\‘sjb\acemen’c ~elationa
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Vpon usin% S{W\F\(’F(eo\ TQI:Y'ngn{_qb‘m df_ Ue, Ug 1% Uz , we ae{-

ﬂur

I: ] X d“-r O o |
(5 = dv
=1/ . . ‘

(v 8,2) o Uy D, \— Paie shear shrain s non-zero

Y L
2 and it avises due to torsion
- aL d%% ul
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® gimP\\'F‘\'eoQ sltress - shrain  yvelabiong

u 4 f
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. gim\:h‘-ﬁqol egquilibrivm equq\-\‘orvs

The body forces are assomed to be zero. Furthermore, wost

a{- the tevmr in the above equi’brium eQuatont become TevD,

ond tae equations simplify 4o




Solving  the simEh‘%‘ec& equations

As uUyr and uz are nctom of v and =, resPechely)

we con vewvite On. ac

O32 = )<UJ+UY+U>+ qu

Il

Oy am) ul + 7\<u'r + 2F

depends dePen&s
UFOﬂ € U‘:cm L g

Put {lrom one oF— the egquilibrivm eﬁua-'h‘m) we hove Hhat

90z2
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= O = Oz does nol o\e’;@-ncx vpm Z

= Oz = '-'i—('r.) 3 mugt be o -Fuhcl'\‘or\ 0@- 'S cm‘\/
.. The tlterm b\é vuet be a constant
= Uz = CQZ+ ¢,

Mo, U, =0 at the cylinder’s  mid-secthon (z=0) [o\\'QF Bc|

_W\eregm-ce, C,=0 = v, = ¢, =&
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