Skress- skrain  velabione 5@01‘ isotropic  |inear elashc walerials

We had oblained that £ on onisob’ol:fc linear elashic material
Yhere are A\ elashe constunk

ANisoTRoPIEC — At point in the booﬂy, the matertal

properbies are dferent in different

direchons

[3o0TROPIC —> Material ‘wcFe'rHes are 2ame in all directons

dete consider a body made o@ isobropie maktevrial n oo

Coovdinate system defned by principal direchions @\~nz—n5>

Cpa
lohen o small cuboidal element

is su!o]eck-ed to Fr{nc\‘[:q) shre sces

—_— G'l'._,i

/ an s faces, Hhe element will

vemain cuboidal after deformation

(ho O\fS'\'o‘r‘h’OV\/ shape change).

Thus, the neovmals b these faces wust coincide with the

Fnr\‘ nc\‘Fq\ shain  direchons.



Hence, Hfor an iso\w“oFic material, one con velate the principal

skresses Op) 5 Opa, Gpz with three ‘D‘rincqu\ ghrains &g, N

ﬁr\'roug\’\ suitable elastic constanis.

Tovr Princf‘oal direckionn. 10, -

Opp = Cu €p + Cr €pa + Cpz Eps

We nate that €. and (5 must be equa\ since the effect
4’ 07’1. sl Yfhe o\{‘rech“orvs OF éFQ_ q-nA GPS <|e MN- o\'nd n;‘})

which ave Perpeno\fcu\ar te n,, vust be He same -\Q@r

on iso’cro‘:\“c makterial .

Hence, Lo Cpby , the egquahon Is

Ops = C &, + Cp (erz+ E—‘F3>
= (Cn - Clz) €py + Ca Cepx * €pe + G\os)
- —_— - ——— ~— _
=yl X \st invariant
of shrain T,
(a\&o volume\«‘fq)
skrain €,
Tes = Ab(€) + QM Ep1

By similar arguments, we can show that

Tpz = Ab(€) + aAMEpa A, M —> Lame’s
CoNSTANTS
Sea = xbk(g) + aM Cps




For a general cooxdinate system; Wt @n be shown that the
six shress components O, 03., O33, Ty, Ty, Tos  ave related

b Six S\(Ta;h CC’VY\FG(\Q(\B €|l b} G?.')., Gs';, é‘z; GIS ; Gz;

oW = NE(E) + Qu €&y,

Gz = A (&) + QM € X, M = Lame’s
Cms\-onl's

G2 = x W(E) + am Ess

a elasbte consltank —P@r

¢, = QuéE
= MR 130H0F1‘c Linear Elaskc

TIS = Q/J é\?’

matevrial
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A
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Altevnatively  we can use another dsvm where shrain is
expressed in terms ce skress. Tt is alse called #three-
dimensional Hooke’s law of- E_laxs{—w‘ci\-y3 and can be wrilten

(e 3 ecnouos :

€= L (o-v(mare)) 0t veprceniaton,
= we have three constank:
€ = JET (6;'7' -V <0—” N 033)) E - Yobng's Madulus

v — Poicson’s Rako
€y = L (035 = V(o + o))
E

G\ - Shear Modulu&
Y = Q€ = TC
'® = _G\T Howeuer, there oare on\\/ tweo incleP.
Yia = A€5 = Gs constantke. Therefore, we have
<)
= E
Y. = A €33 = Caa G =

* =Y 3 (1+v)




Physical Su‘gm’%“cance of E, G and V

\
€, = L <GT1" \)Cﬁ_ﬁg‘\' 6-33>>

E

€1 = _l—<6"zz—\)(0—n+0‘33)> Lf’

E

€y = L (o - Vim+ )

To understand He Ph\/sfca\

We can zee +hat the

normal skain n one

direchon ot cm]\/ olerberds

on Hre novmal shress i

Yaalt divechion but alse on
in ohher

e mormal shesses

two diveahonk.

Yelevance) we can Hink dF oy

tendile ’cesjc:\'n%. gUFP"Se that we have o Yec\-anau\q'r‘ beam
c? length L, breadth B and hel'aht‘ .
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dets oapply force on the left and vight Loces to sketeh the

So

beam .

G, will be mon-zevre while the shear campcmenl‘s

T and Tpa will be zero. Also, we are Mot applying any Porce

on the lateval curfoce (e, and

on them. Tnfact, any

Intevrnal

S, Plcmes}, se thevre 1s no shress

sechon uwoith normal alana e. &

€s toill vot have any kachon cam‘oonenl'.



The skale og stress  1n Bare cose will Hien be
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This shkresza  will lead to some shrain 'n e \:oo\y. We know Haat
€, is %eneml-ed because the lenj{’h Kk the beam chomnges.
However, €,, oand &3 are also %enerq{-ed . due do slcre-’l-c\m‘nﬁL T
one divection , there will be conlrackion in other two direchone.
But there will be no shear shain generated if we are coveful
in S\Yel-china_ the body uniformly. Thus, the shate of shain for
the reckangular beam will be
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() Young's Modulus (&)
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IF the e\onaa\—\'on is um'@orm a\onz the \en%Hn o‘F the bar, the

local shkrain  will be equa\ o the average nermal skrain . Thus,

= BbL -
€, — €, = LH g, = AB

) it
H B



If we now draw the shkess-shrain curve o?— 6 - €n Prom o

tonsile test exPerimen‘l‘ loy meoguﬁna the c\ncm%e A 1enﬂHﬂ,
we way %e{— o curve
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The nibal slo[:e o@ Pri's %YO«Ph gives s the Youna’s yodulus

E = o6

—

2 €y,

€Eu=o0

While c_omPu)c‘fn% das derivabive from the caraFln, we sheuld
not have ., or G3; present. E ssenbially, the Teclrom%uh“r‘

beam chould be skrelched in sven o woy that it can @ree(y

chrvink in the l\lateral direchons.

For a uniaxial tensile +test expeviment, we <an Say that

On = E &,
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() Poisson’s rakio (\))

The Poiscon’s ~aho 0?- o watevial s defined as

v = — Lateral movymal strain

L on%i Ludinal noermal strain

[n o ouniaxial tensile test, we directly impose }ons\‘t-uolma'l noymal
strain  in the g,-direchon and this, in tvwn, induces strain
alang €, and ¢©; direchons. Foxr an \’so'h*o]:\‘c |:>o<:‘\7cJ the lateral

gkraing in these divechons will be equal .  Thus, the Porsson’s

vaho {Zrmm o. vniaxral tensile €><Ferfmen{‘ would be

v = - €2 - €as
€y <€)

We can ales derive the Poisson’s vabo ?rom the <glress-shkain

yelabion

. él( = ._1_. <GTI - (G—zz+ O—;3>> In Phe tensile .1.@3{_)

e £,, = _\__<6§7_— (07\-\'033))
'\/\f@ 3e\-, the same i?ox-mu\ak
= ez'z= _—\)—-OT\ = =V €,
E
SRR CARICITA)
= € = - Gh = \)én /



(3) Shear Madulue (Gl)

Y, = aé, = Ta We can see that sheoayr modulus
& ls given by

Yia = A€ = El'_S_
- G = Sz = Ty o Cas

Yo = A Cas = __(:;Ts Y2 _\;‘: Yua

Se if- we nduce shear n a body and measvre tHhe

Corve s\DGY\d(Y\% shear sglress,

the vabo o@- stress +o shain woil)

%We v Hhe shear wodulus.

Motivated by this, lets do an experiment with the

vectangular lbar, where the bar is fixed at the boltom

and we OFP\y shear I(—o'wrce on Hie k—oF ‘Face ( with novymal g,)

This e%ech‘ve\y imposes  shear stress Tz 'n the Body - Due to

this, the boar shears : lhe in?h‘a\\y perpendicular edqes Gg' the

front fmee get inclined  ond shear shain ¥, would be equal

o (%_ oma\e between tuo eo\ge&) . Tf we dvaw A& Ty ve Yo

curve , ﬁ\e in‘{-iQ\ S\OPQ OF qu cuxve 3(\,@3 6 = -C\'l
Y\‘-L

Y|2= (o]



Rulk Modulus i E\ash‘ci\y )

youna's modulus oF— elasl—\‘cil'g velates novrmal shess with

voveal shrain . Khear wodulus  velates chear shress with

shear ghrain. We will vow define bulk wodulus of- alashieily
which  velates velomebie 2hvain (€)) with volumehie skress ow
equivalent pressuve.  lohen we apply pressure ‘o o fluid Cliquid /
%as>, its volome decreases. This decrease can be quantified oy

volumelrie chain 3iven \oy

\/olvmelrie s\rraw‘nl é'v = NV

IF o pressure inerease of AP 8ene'ra¥-@s volomelri'e 2hain 1'n o

\Qiu\'o\) bulk vwodulug 1s then given by

AP
A
V/V

K #UA\'& = -

Fov selids, the eciu{va\eni‘ pressore s cbtained from the

hydrostatic port of the shess tensor Peq

The neaa’rl've sign comes becavse [DTQSS'U\"Q s ccm]:'ressfve in vnatvre

while the normal CGMFOHeﬂ'l' c? fraction s tensile when posibive-

Therefore, o <—I\(g:)/3>

.,
Sy 2

Kso\\‘&s = =




That s,

T e 1 k(D)
/ €y tr(€) *ow(g)
Bulk modulus
of elas’n‘cil:ﬂ

The bulk wodulus 0[2 elos{-\'cil':l can alse be exProsseoq in lerms oF
elashc conskank E  and v, Lo is<:h~a7>fc materral.

We have the ‘@ollow(m}:

Cit Gt &y =L (Cir T ) - &Y (6§t 6 &)
E
= bw(€) = 1—av K (T)
E
= K solids = __L
3(v-av)

Thie s an imPor}arﬂ' velabon . & tells us that bulk modulus
K is not an independent constant. If you know the Youna’s

modulus E  and the Poisson’s watd vV, you can %et the Bk
modulus  Using bhe aborve relation. Fourkhervmore, this velatiom
olso gives an uvpper limit  for the Poisson’s vabio. (dvscosced-

neyk)



Theovehcal limits for Poisson’s yato

The Poisson’s ~vabo s 'ugua'ny Fes]ﬁve_.

Auxetic material

\/\/\/>
DD
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(o) Before loodin% () Aftev lood{fn%

From the welabon,
E

K solids = _
3(v-av)

we can deduce that when v ic very close to V, , the bulk
modulus  becomes very large. TFor such waterialy, if we apply

o finite amomt of change in equivalent pressore , the wvolumekic
abrain  induced in the body would be very small. This =iguifies
inc‘omp‘vessibim-a. Thus, v— 14 COTres‘omds }o the inamepressible
imit. At other exlreme, waterials such at cork coan have Roisson

robo clese o zevo.



To obkain the lower limit -ﬁa\" the Poisson’s rvah'e, we can uvze the

yelabion
E

T T

The Young's modulus B and the shear medulus G ore both
Pos'll'\'ve quanH'H&- As a resolt, +the denominator in the RHS

must aleo be positive, i1.e.
2a(l+v) >0 = v > -1

_\_\_'wns, Yhe theovehical limit Lor Poisson’s vaho:

LT LY




Thermal Straive

n the elaske Tegion the effect of {-@mt:erai-ure on shrain

appears in two ways

(a> by cousing rodifricakt on A the elashe constank

(o) by c\irec\'\\/ P‘v‘ooluc\‘ﬂg shrain in the aksence of chrecs. The

Shrain due to -l-emPem\wre ckan%Q {in the absence c{l shress s

called therwmal shain and is denoted Joy §.L-

For an isetropic material thermal shain produces ure expgnsion
P > T P P

or conbrachat b o shear-sheain C'Om\ae-ner\*s. fc\q.e, -(Zo«v- +@mP-

chahg es

o’f- one o hwe hundred O\ej\—ees 'Fakrenhei:l') on€e can

c\oge\\/ describe  Yhe oactwal variation b7 o \linear aFP«roxfmﬁaA.

The Hermal shaine due bo o c\nanae in tempevature brom To T

e 1 = EZ?_
£ £
2 st

& (T-T.)

0

\ Coe'HZ{c\‘@n% Of— ‘{neo'r‘ exrq-nsbn

The Yokal gkwain at a Foin"'r in an elashe kod\/ 12 the sum o?—

thot due Yo sghess and that due ‘o \'@Vﬂ‘:s’ra‘\ure.

[~ €
total
Strain

—
—_—

e + ¥

lr

elaskie

skvrain

T

Prevmal
stain
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