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Introduction to Energy methods (contd…)



Concepts needed 
for energy methods



Recap of last lecture

• What is the relationship between the displacement 𝛿3 at point 3 and the force 
𝐹1at point 1?

• The relationship is linear 𝛿3 ∝ 𝐹1 ⇒ 𝛿3 = 𝑘31𝐹1

• We discussed some properties of influence coefficients

• We discussed superposition principle 

𝛿3 = 𝑘31𝐹1 + 𝑘32 𝐹2

• Then we introduced corresponding displacement
(displacement at the location and in the direction
of the applied force)



Objective questions
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Concept of corresponding displacement

• The component of the displacement of a body at the same location
and along the same direction as the applied force is called the 
“corresponding displacement”

• Note that the resulting displacement vector may not point in the 
direction of the applied force

• The “corresponding displacement” is responsible for actual work done, 
since the component of displacement perpendicular to force is zero. 
Hence, it is also called the work-absorbing displacement.

• If we apply force 𝐹1 at point 1 and measure the corresponding 
displacement 𝛿1, then they are related linearly as:

𝛿1 = 𝑘11 𝐹1



Energy stored in a deformable body due to corresponding displacement

• How much is the energy stored in a deformable body due to an 
applied force 𝐹1?

• Would it be:  Stored energy = 𝐹1 . 𝛿1 ?

Recall the energy stored in a spring due to gradual application of a force
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• Final energy stored is independent of loading path

• Even if loading is instantaneous, the energy stored in 

body on reaching equilibrium would still be  
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Energy stored in a deformable body due to multiple forces

• Energy stored in a deformable body due to a single force 𝐹1
1
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• We can have multiple forces 𝐹1, 𝐹2, ⋯ , 𝐹𝑛 acting on the body with 
corresponding displacements 𝛿1, 𝛿2, ⋯ , 𝛿𝑛

• The total energy stored would be: 
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Reciprocal relation

What is the relation between 𝑘12 and 𝑘21?

We will answer this question using energy stored in a body



Reciprocal relation

1) Lets apply 𝐹1 on the body (and no other force)
− Energy stored is

2)   Lets  now apply 𝐹2 on the body (while force 𝐹1 acts fully)
− Energy stored is



Reciprocal relation

1) Lets apply 𝐹1 on the body (and no other force)

2) Then apply 𝐹2 on the body (while force 𝐹1 acts fully)

1) Lets apply 𝐹2 on the body (and no other force)

2) Then apply 𝐹1 on the body (while force 𝐹2 acts fully)



Reciprocal relation

1) Lets apply 𝐹2 on the body (and no other force) 2)  Then apply 𝐹1 on the body (while force 𝐹2 acts fully)



Reciprocal relation

1) Lets apply 𝐹1 on the body (and no other force)

2) Then apply 𝐹2 on the body (while force 𝐹1 acts fully)

1) Lets apply 𝐹2 on the body (and no other force)

2) Then apply 𝐹1 on the body (while force 𝐹2 acts fully)



Reciprocal relation

• Now the final states are the same and it has both 𝐹1 and 𝐹2 acting in the final state

• Therefore, the energy stored must also be the same. If we compare the two energies, we see that



Maxwell-Betti-Rayleigh reciprocal theorem

We worked out the reciprocal relation in previous slide, now we look at the RECIPROCAL theorem

Situation 1 Situation 2

Theorem: The work done by forces in situation 1 through the corresponding displacements of situation 2     
equals the work done by forces in situation 2 through the corresponding displacements of situation 1



Proof of Maxwell-Betti-Rayleigh reciprocal theorem



Generalized forces and generalized displacements


