P'n'ncf,:le oF Virtual Work (PVW)

The previous aFProaeh oF— ana\yz{na a truss or fome under

state equ“ibrium, H’)ey weyre analyzed on
l> ]s'.olcr'l'r'ng e bodies Usfna FBDs
=l Ap;ﬂging conditions a’F stat'e equilibriom

— &ym Of— Lorees ZFX=ZF7=°

— Sum of momens =M_=o0

4 imitations c{l e OFP—roo.c\n

Not ideal for bodies camPoseo\ of interconnected wembers

where the intercenmected members can move relative to

cach other

P ga% you want to hod the

hosizontal slider 1n eclui\l-bﬂum

at a certkain Fosi'\'\'a‘\ ot HA

ana\e €, what is the velaton
befween F and P ?




For analazi\ng e ‘ooohé, you would need o dvawvo FBDs
{Zor each RB, write the {low:e and moment balance eqns

\OOT each KB b and Hhen solve o sysl-@m a?— equa-h'ons 1o

£rd the fowce F ond velate Wt witH P > Tedious Wory

A ‘?us{'@r ond wmore effeient Loy oF c\ekermfnfng vartou §

Pogsib\e eclui]fb-rfum Pes'th'an.s Vs ‘Hmroua\n usina, PVW

Definition of virvtual woark —For a parhcle

Consgider o~ quh‘cle with masgss atached 1o a spring 9

Pulled by an aﬂ:](eo\ force  F,

| ﬁ g, Wwhen 1n equilibrivm, the

'; Fs | E - 2pring {Zo.-ce Fo = —kax €

LU G beg e svon

oF spring from uvndeformed

L ZF, =0 = Fe + Fa = © Fasih‘m) must be egqual to
> -kx +Fo = O applied force  Fao

To intreduce virtual

workK, imaaine Hat the

mase s infaat not

at itz equilibrivm Posi"h'on



but at an (incovrect) nan-equilibrivm PosiHcm x4+ Sx .

This imo«%inarj d\‘sP]qcemenl- Sx. s called Virrual cﬂ\'.sF.

S%m\oo‘ (S’ is called varighon

N

Now, define virtual work &W done by a force to be

HFhe eﬂuilibfium -Force Fmes His small imaainary du’sP S %

Note ne real work has been performed since Sx is nat redl

dfs‘)\acemen{‘; this 18 wmore like o “-l_-houa'n’t‘ EXPQY‘I‘mG‘ﬂ%n-

The virtual work done by the spring SWe = Fg &=
gUTC'Q = -—kx SZ

The virtual work dene 'by the qPP'In'ecl 5 %wa = Fgq &

force

I

Total virtual weovrk = SwW SW, + SWoa

Il

Twe Loays af’- 'viecoinﬁ Hhis ex\ofessim

IF te system is in eql.tililo'n'um T{ the virtval work is zevo,

(le. —kx+ Fy = 0), then then, since ©&x is arbikary,

the system ¥ be o
virtual work {s zero, W = 0O 4 mus i
equilibﬂ'um P ~Kkx + Fa = O




Geomebric ch kinema{-'b> congbraints

In mqna P-rac{'lba'\ P*rololems) Hhe Pg-r"{-\'cle worll usuaﬂ\f

be conthkrained 4o move in on\7 cevlain divechons.

For example, the ball (breated as [
|

Q Porh‘de) "mllfnz on o fable is

not callowed to go “-l‘hmuah” the

toble. If +he ball s n stahc equilibrivm, ‘

then B T+ Z fc = 9 reachon
/A N
Yeachon a PF\‘ od
Rovce forees

Tf a virtual d\'squcemen‘l— 55 Is 8iven such that 1F s

%eomeh\'m\lﬂ adwmissible (i.e. the conshrainte ore net viclated)

then Su and R  wust be perpendicular, that is the virtual

work done by the Teachon Locce is zero, ond
S\/\[ :'(ng)' SLJ. = 0

This is one ofl Hhe beneﬁh o% vichual work — one deesnot

need to calculate the forces of constraint R in order to

determine the ‘@m’ce?.s -E; which maintain the Pcaﬁ‘t‘c.‘e N

equi\fbril)m



The term kinema{-{cqny admissible (or 8eomeh-.‘cql]>, odmiss?b\é)
s veed to mean one +Hhat does et violgate He conghrainis

and one a¥rives atr Me version o?— P-rincip\e cl? vivtual work

which is o?-ten vzed in Pmc_h‘ce:

Pvw (-Fcr quh'cle): A Parh'c\e is in stab'c equilibrivm
under the achion OF a system of \ao'rees ¢ Hhe total work dene
b\, the -?orce_e Cexcludina, worklegs -Porcc—vs) s Zzevo =e:rr any

kinemqh‘cally admissible virtua) dst]acpmeni' of- Yhe Parh'c\e

PvfnciP]e o-F virtual work ‘-Po‘r vigid bodies

We can eas&]% extend the PUW for o gfna\e pavhele to

on RB (treqted as system OF many Farl-\‘cIes whose
mutual Aiskances arve ‘P\X@c!) . Because the virtual work
done on each parhcle of te RBR in equilibriom is zero,

‘b followe tat the virtual work done on the entive RB

1a zero.

But be-lbre that 1t is imFo‘rh:nl' to inkkeduce the cornceP-'L— of-

degrees of freedom of on RB (0‘6‘ a system o RBS)




Degrees of Freedom (DOFs) of o cystem

To write out He shtement of PVW for RBs, we inhkoduce Hre

idea of degrees of freedom of on RB (ov o system of RBS)
R T T e N iy

as the wnumber o?— independent coordinates meeded to s[:ec\'fB

comFletelé the con-f-\‘au'r‘a-\'l‘on oF- Me s.ysi-e-m A‘nﬂ'les

Distances

1 DoF sss’rem s

& DOF systems

For defining vivtual work for RBs (ond system of RB2), we
Use wvariahons of displacements ond votahont oalong DoOFs
one by one, and set the virtual woark done by aﬂ:lfed
oxternal forces F,, ---, Fy  ond resvltant coople & as

zevo to get the velahon behween forces at stahie equilibrivm

N
SW = 2 Fi- 8y + C-89 =0

=1 N
virtual o\n‘sFloxcemeni- Cl:zran31a’l-\'°ﬂ>
olonj the line O? oetion &£ E;



p(e‘t’s coneider on examF\e o{'— usma PUW -Fcrr an RB

F11-2. Determine the magnitude of force P required to ‘
hold the w-kg smooth rod in equilibrium at 6 Troditonal method

Dvaw FRD

to

LF

1
S, =o N /:;\— \"ﬂj to express Na

in terms o?—\r\r
'i-T ZFY =0 =2 NP‘ = W

P
f_)ZMA = O > _yﬁ (lsxn&) 4+ W (é_cu@) = O

= == W cot B
51
PVW wmethod
e I> Id@n{-\'ﬁﬁ Fhe DOF @ Has L

dof: - O
A deftected posihion

Q> Draw Hhe defHected position o
the system when the cystem

undergoes o virtual disFlacemen

. gcﬂ/

$& = virtual o\\'sFlacemen% .3> Iolenh'FB the Fcrrces Hhat do

Nen-zeve virtual wark

at He DOF

(\'- e. non- reachon Porces /co uP\ES)



In tis case, the self- uoel'ahl:- W and bhorizontal Lorce P

de non-zere virlual work.

4> Ldentfy the virtual displacements OY: to fnd $W.

To find or: , chooze o csys  s-b- ibs origin and the

coordinate oxes deo not Underao any virtual o\fsP)acemen'E

IA = ﬂ_ coe @ :é:-;:_
Yo = X cos®@ 85 + L sin® gy
A X
Q . 5 O A 2
IA = —QS\V'I@ 8@ € x ga
= _'X si @ 8@
Src X A

é:x + £ coe® §O 'e:ﬂ
=)

'5>' ExPress the virhual wok OF eoch lorce and couple in the

PVW equabon in terms o?— SC], (he«re S@)

_=—\/\T§7

ot Freceui'
Fe - gﬁf 4+ 24@ = O

E'grA + \!lr' Src_

(1)
=

M

L

I

I

(’P éa) . C—'lsin@ 50 éx)

+ (—Né:y) _ ("_é. sin® §8 €x + é cos® SO §3)



= (PQSI'QG - V\_F&COS®> 686 = o
g

6> Fooctor out Hthe common d\'sloloc@men"l' brorm all the :l-Q'rmg‘

and solve vpor\ the unknown \Qorce o couF\e,

Q\'nce S® s ar'ofhronry :

P}/the — V_\l_&/cog@ = O (lfﬁﬁ)
2
= P = W cot® ( same o= bchre)
A

In PVYW several vnknowns (Mﬁ, NE,> o‘roF out nahmllsj

For a system of interconnected RBs, there avises 3

types of forces

ax Externally applied @me& capable of do‘ma virtual

wooy k &urfn% Vvirtual oQ\'sFlacemenh

B lP\
}@{ APP\{ed




lo> Reachen -Porce,s which aet at 5uppaﬂ:J and dees no

virtual wovk

_ 7 F, B %A\ Cnkernal
?‘aﬁ:; 4 A F A7 ?orces

¢y Internal ferces are borces in the connechions between

wmembers . During Gny pogs'\b\e movement OF the s.ysl-@m

ox it Perh‘-, Hhe nebt work Adene |o>l e internal cﬁ:rcc-*s

at the connechons is zere. This (s because internal

Porces aluoauys ex’st n pairs of equa\ 2 o?Pcs‘\%e forces

and hence PVW for mulh’P)e. Mterconnected RBs vemain

the came as slated ?cr o N _sina\e_ RR |



¢t
< Using the method of virtual work, determine the magnitude of the couple
M required to maintain the equilibrium of the mechanism shown.

Assume mewmbers are mex’gh{:\ess
1> ldeahfy DOF — O (por=1)

‘Q> Deaw the o\eﬁeoked C’Onfu%

by inducina virtual o\'\sPlacemenT

©O — &+506

2y lo\enh'?-j Lorces that do

non-zero virtual woork

Force :

170
i

P&

~
M &,

COUP\e : M

Focces A, Ex, Ey,ancl Hhe

internal forces are wovkless

4> Cheose o csys and determine SID

Choose origin at E  with the cayg ghown in P{au're

Yo

\l

A~
Xp €2 + Yy §H

3Lcos® €x + Lsin@ g,

SgD - C—Blsfn@ éx + RcosB §y) SQ



5> ExPress the virtual work OF eoch Q—ome and couple in the

PVW equation in terme o@- SCI, (here S@)

Sw P.%x, + MS§O

(Pé_‘x> . C-Bksfn@ §x + RLcosO® gy) N

+ M&8

G- 3PLsin® + M) §6

6) Foctor out Hhe comwmon d\'sr:lacemeni‘ Pormm all Hhe 4@-rms)

and solve v Hthe uUnknown fovce o couF\e_
oW = 0

= _ 3PLsin® + M = O [ SO s arbfhmy]

=> M= 3PLsin®




