Kecap : In the last lecture, we inkoduce definitons £ veference frame,
houo 1L‘ can be a"H'O-ahed '1‘0 a ‘rig'\cﬂ b"&)’; Ccac\-cn(f\a’re :)ls%@m emkedc'.@& n :\'\'le

veterence frame with ovigin O, definihons o positon vector, velecihy vecksr
and oaccelevation veclor vseful For de(-rnina wahion (kinemahes) £ a point

to-T-t o vefevence erafme F.

Posihon vector, \re\oc:il—nAJ and accelerahont n vorious CsSYS

velahve to Pﬂ')ced veference Rame

Tn this leature, our geal is to devive the \re\oci\'a and acelemhon
in three l-ape_v. of coordinate systems
a> Cortesian csys ("u:xa: xs) — oﬁain L oevienkahon
vemains LBixed at all

+Hmes

bL> Cylino\rica\ pelar csys (v, &,2) ovigin Yemains L ved
—
but orientahions may

c> Path ceys (s
chanae with tme



Kinematee o%— o Pari’fc[e/Poinf o) Car}:esiaﬁ Cays

(ox Brame - embedded)
We consider o body-fixed Cartesian Ca¥s (sith 2 arthoganal unit
veclksys

( o an
» means the ovigin O oand (g,,g,_lg_,,)

ave fixed 't fome F

The Cortesion csys (2 embedded in F, hence it does not Vorry

with Hme i yelabon o F.

A ~
= Q_’g\‘ = o , i@,_=o, _d;_J,:O
dt - at dt
F F
éb PCZIC{—)J XJ.U‘_); st'['))
Reference /-'6 L’a
Prome “ % Consider the locahon d- mov'\na pt P
F
O > 8, ot Hme "t': (x, (0, %, xs(i-)>
\ det vs Hnd the erpressions 2@,-
e, Rigid
bodg B !Plj: and Q-P]F_

The pesition vectsr of moving pt- P w-vt F
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The ve\ocil—g vector
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Kinematcs OF 0N POMOC' N Cy[w'ndﬂ‘cq'\ Polar Csyzs

§3 P (x,, %, %) e« Point P 1= the Par’h’c:le
£ i Ratn OF o0 tevrest
N :
O b 2 ¢ Body-fixed Coriesian csys

with ovigin O 4 e
A onit vectors (é, , €, ,és)
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Now we

want to &nd Hie expressions 0?— MF\F

P Op = OP* + P*P
_ _‘."\—/ Path R

~ ~
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Kinematics O? o Particle/Point in  Path cooxdinates

Thus far, the rvelatons for the wotion, velocity, and ace.
£ a Par’n‘c\e have been QFPII'ed in : () Carvtesian CSYS, and

(b) Cylindrical pelax CSYsS.

How@ver, in some P'rouems} Tt 18 movye convenient +o *re-P@'n

the wation o(\- o Pa'c’n'c\e o o sPec\'q\ 'mov'ma f-rome Hat

?Dhows the Par’n‘cle a'lcmg it Path -I-hrouah Space.

The idea Hat the wmohion & o peint clould be deceribed in tevms
o?- Pmperh‘es oF. ks Pqu may ot seem obvieus: HPowever, this s
hewo we ¥ink ohen uging o. vood ™ap and the speedome-l-@r

Gweasuves _c\oe@d> and odometer (Mmeasuvres dislence h'uve\lecl) g? @

Car Cga%).



This 1-16Pe o?— descriPHor\ ie known o EH\ Ccan:\fmi‘@.g/ because

the bosic pavameters that are <cuppesed to c}'.q'nge are linked
b the P'fcperHes og- the pq'H.‘

\‘—) The termc ’tuhgen{— aond nermal vampcmeﬂh are vzed

becaute Yhoze are the primar Arrechions
P b4

We ascvme that the Fa‘rh oe the Pazrh‘c_le £ s knewn. The

mogt fondamenta)l voriable for o specifiedl path s the avc-

leagthn ‘s’ along the curve , measvred From some g\-aw’n'n& Poin'\-

Yo He Poin‘l“ C@- Tntevrest
The path ‘e’ s observed

startn + S b)l an albserver %';cecﬂ
(tT—O) \J\ *O Hl@. Y‘e{- ‘?‘t‘ame =
e,
obsevvex

\ + PC(:H'I (Know‘n)
F A
) \Z
Lonction
describina_
e the path is given

1Y

The Pos”\Hm v eckor o% peint P at Hme + is %iven by ¥&)

However, we will o\ef{ne Hhe ’Peﬁh‘oﬂ vector Y exP\\'r_iH\j as o

)

PUnch‘on o? the leng‘\‘h ‘s
bme @ ex(o'l{c‘\i- £

% YCSC'(')) \?\v YCt)
LS &)

T(s) & 4a

cr?— the cuvve and imp\\'c\'HaL on



Next, we derive the -Pormu'las ?dr ve\oc:f{-a and accelevakon

whieh  will vow invelve chain-yule @c-r du’?{z-eren%‘cz:l‘far\

O‘r = OQ:C .o\s>

at S dt

But before Hrat lets g-ir_QJr Aderive wo0me bacic lawse %o‘\fe‘rnin&.

Two Posi‘n'cm veckors for
locations P and P’ Separated

\o\/ o small cwc-lenﬂ% A=

The dfsP(acemenl— Ar 35 te c\nange in the position o‘l He Poinl‘ P

as i+ wmaves *r‘om Posih’dn ¢ to s+As

Ax = x(8+As) — ¥ (s8)

If As is very small, then [As] x )Ar]
(ave) = (st-line)
= lin Ar| = 1 = |d=|_ 1
As =0 As ds

= dx is o unit vecksr (What is the dfrech‘m?)
ds

As As—>o, the direstion of Ax vector approaches ”(aﬂencz

‘o e curve, in the cenge o?— Tncreagmg( s.




Thie %—onaeni' divechon is defined on Hhe unit "\-anaenl- veckae

8. which ie the QLirst uvnit vector of path ceovdinates.

1o

* £ = dl‘f < LNt vector as —\-a\rﬂen‘l* to

S
2 the Pa% at HYhe point’s

instantaneous postibon

This Rnaen{- vector i3 one OF Yoe Yavee unit veclore uvsed bo

Adescribe vector quanhh‘e.s N Yerms o%— PGH(‘] cosvdinates.

The second unit vecter in Yhe kiad ic derived lay ccm_ciclering

J

the c\ePeno\ence 0% é{_ on \S) N the —?o\lowi\nj way 3

e. . é{_ = Al ( unit vec+vr>

= 4

c&f%?—erew\—(a}e w- T % ‘e’
U

O\ét o é\t- 4+ é\t . dé\- = O
As ds
'# O\ét * é{_— = O
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= d& o5, <;g dé, 4 o>
de as
—————
Yivial cose c:\?—

vyeeHlinear yehon
The mormal direchon, with

>

E

unit vectoyr én e defined pavallel +o dd

W



Two Paralle| vectors may be ~elated loy o. onPo'rHanaliB

”n
constant hence He mnormal vector e, s defined as:

* % _é:h = P =
2% dimensions £ lewghh

N
A - .
Note €, s o dimensianless vnit vector, however de, has the
ds

-\
dimensions Of- Oengl-lq) ) TFT@nc.»,Fc,,,-eJ Hhe P'rapor%‘ondl"fy canstant

must be such that it has the dimensions oF— lenaH-\ and o

-1
de.

majn'\hde_ of—
ds

-_—

lD has dimensions
o

/ U oF [enﬁH‘L
called the wodivg 0% curvature

¥/_’_\

Cons{der a F|anar Fa{-h 42« Uﬂderghncﬂir\% “whﬂ ?"- Two Pofni's

\ﬁ |_‘d§t

on the Pal‘h are squm‘red by arc\enj‘rh
As. We wn draw the %anaen’r ond

noymal vectors at those two Poin\-s.

Note the Po'm'c' C is the intersechon
GF He novmal veetors at the two close

N\ &,(s+AS) PI'S- C = local center a? cuv valure

- / . .
PBecavse As is very gwall, the ove PP Seem: like a part # a eircle

wiHL C 0s Me center and P as the vadius o# Yhe local civele

As = PAGE — ()



. . ~
Now Coﬂsloler the IY\CTQMGHJ&' Agt—

Aéb_ = Q:,C_CS-i-AS) -~ é{- (3)

L
= A@&?
é,r (s+a.s) A§

TJeoceles h'u'omale

(s'\nce lé_\_t\ = .'L)

As A@—>0 = A& L &
1
As As—o, |AE,| _?]é{l AS
= \Aét\ — AQ _'®

Comloinma eqns (D) and @), we get

\Aée‘-—sz_P?_ o ) Ae,

A

Acy
As

C. Lim

Ag o

= p de.
ds

—_——N

Pl -
€nh = wvowmal unit vector

Hence we showed the idea o?— P be\'na Yhe wadivs o?- cuvrvature

o?— +he local! civrele thalt approximates e FaHn at He
wistantaneocvs locabon o?— te movina ‘:.c‘\n’c.



We need one wmove unit vecdhr to complete the trad.

The Hird divechon i¢ necessary —ﬁyr o\e{-fm'na. MPre coevdinates

c?- on crbihrar)/ veator in 2D space.

The divection PefP@no\fcular‘ to the P[ome sPa'mned by é_b and
é, is called the binorral

direchon and the c'o'rrechmd\'n% vnit veetor s éh.

N /\ Cvogs FToo\uc’C'

A

vermal Yo botn &, and &,

b|=

= dé,
€ X (P O\S>

2
= |dz , p d'x
ds ds?
t
S l‘nnﬂen’c
E . k osau‘a’n'na plane
Cenker OF cuyrvature
e 8 = dxe
- ds
& = pdr
as?
~n ~
=% = g\o = €, x €,



Now we will lock to Lnd e expretsion s o@ Velocil-_nj 2
oc celevation

oF a mvina. \Dl- usina ?aH') csys

'\felom—& n FQH‘\ csys

Veip = AF| o dx| ds| - se +0& +0¢&
dt ds | dt .
NNV x
ét s’ NO{'@ \—'fPlF hOS
(speed Companen{' O‘nla a\cmg
CR' Paﬁ-rcle él:- in PGH’) coevdirated
- 1. \'—")
(ag ex‘:ec-\-ed)
A ccelevration in  path csys
Soie = A = 4 (28) - v+ s de
dt dr Te
= 3 ét 4+ S dé,c _ 2\_%_
as dt
A A
én g
=
A . 2 ~
= S gt + §_§n + O gb
P
o A cT A ~
Dplp = S & + S & + 0g,
/ -
has due o due Yo
CC’W‘\DC”“‘EV-'I'S Change_ a8 c\nange n
0‘\0'”8 St 2 e, moani!-ude Airechon 4
of Ypie Yelr
Tangential  ace. aleng g, : Ay = S In path csys, accelevation
A 22
Cen’("r'\?el-a\ acc. a\ons €n : Qn = S has twoo coml:cmenl-s

)



So JFar\) we devived expressions o?— Yple and Qple UsINg 3 diff csys

\f . ~ - ~ . ~
Yelr = X &€ + X382 + X, 85 (Cavl—esian csys)
. ~ - Al - A
= ¥ &, + Y@ §¢ + &, (Cyl- polar CS)IS)
= S é\.— (Pal-h cs)/s)
g‘PlF = 7'&1 é‘ + x, éz + X, &, (Cavl:esian. csys)

= G-vg) &+ (vd + 3vg) & + 28 (Gl polar csys)

A 22 A
SHCIT % == (Fo.l:h cs)as>

"

Surzpose a Porh’cle P s c*on-Pinec{ to & -6, plane alwqy57
Lheve Oél"éz'és is o ‘DOdy—F‘ixed csys. let vs skeleh the

Adirechons GF varioug ounit vectors

Center oF-
curvalure
o c °
€. — Cartesian
— Cal\'no\rl'ca\ Polcu-»
—  Path
”\?’
0 7 e
/
?Yame F

Forthevr, if the motion of the Par-’h‘e.le

s a\ang o circle with

.. 3
center ot erigin O, then e

~

at all Hmes




Next we derive twe vseful T'Ela"HanslniPs \'wn-vcs'lv\‘\r\gt ~odiys a@-

cusvature P

l> For a aeneva\ Pqu (0\" \Ta:lea‘{-or>/> m 3D space

P = Ve | :

Vo x 2eir |

&> For o hmjecl-o-r)r confined to x-¥ plane A a bady - fixed

. A A N ”~ A~

We wil on]ﬁ devive the first velation; the tecond ~elation is
o gpecial case of the first ove.

3
Devvation & 0 = | Vorl

| Yeir x Q]

Qort with & x8, = dr 4 pdr
S dst
Take |- | on bely sides
|&x&) =)=t = |dz eodr| —@®




Nouws svppose Hhat He Pa’rh ¢ Parh‘c\e P Vs deseribed in a

s weowin T N B .
paramelbeic {form i W& ' is some Faramei-@w with o vanqe

c;g- Poss‘l\ole values ; then the =, X,, %X; values (Tn e \gocﬂy—ﬁxecﬂ

~

Cartesian csys O-él”é;-§3> are given in tevrms of— the walue c.\Q-

A . In such o situabion, the posihion vector Tolp =X ™oy be

written in compenent borm as:

~ A
T = %) é\ + X, () € + X;() €&;

f)Di{—h such o deserip-l-\'an, we can nNow evaluakte the Fqu vaviables

in Yerme c?— o
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=
M
Q.
14
Q
A

|
|
|

®

ds oy s
© dr _ 4 (dr 4«
Ade? des \ da ds
= 4 (dr_ da) d«
A \ d= S s
= dzr_ O\&)L A4 cﬂ_T_‘ dzd
Aa> \d2 do O\sz

2
_ | Q2 x pdir| o |dx dot « ¢ d*x do‘k) + dr d°a
ds ds? do ds Aar \de A OhS?
AN e i AN O, o A Nt

@ @ vector Sealar vedw geglav vedor Sealar
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9\_53 dr x d°x
dot P da™

Now say Wat =1t (time) | such that 2= 3(H), then:

da 3
P = E-TL.- = |yP\Fl
2
BT

:F’ar‘ ap P\ana'r moton

For o PQT{-\"Qle hauin% s hranQFc:ry confined ‘o éx—éy f:]cme
where O"éx—éy s o loud\/——Fixed Cartesian csys

sFeciﬁ'ecl
T fath
’é% N 5_':'?(2)
Ke aall
o P(x, y) Y. = y(a) = x@D x + Y éy
O - fé et A =X
> €x

( r

F

A
x €x + y(=) &y

—
e

% &, + £() 8§,




Z\T::gx-]—%lﬂ:éy’ d2¢ 3%L &
7 Jms ~ dm
.x'J_
Us.ina P = ‘—3\‘1 3
K
‘ELF— x S
4 A x
= (l—}‘ d‘ewi 3/?-
A
B
dx?

T
£ ap P]anqrr ™mohon is circular =

-P = R = C‘C‘J\('\.?}Cih{_
T

Rodivs OP circular
Pq\'"?\.



