We have discucsed about Euler’s 8nd oyiom abt o sheleh

wheve after embec\c\\'na the cgys to the Prame (m? &£

Y\OU.J’

¥he RB, we oblained o usable form of Euler’s Qnd axiom

‘Fo‘r an RB

.‘:-‘_Mr = EA L—’".—mlr + W X (Efﬁmlf) = My —®

Thus, bear in wind, that (n applicahons of Euler’s axiom

{Zor mohon o{-‘- an RB in an inerhal %rame (I), all quanl—ih‘e_s
1N @ must be calculated in an RB-fixed %4ame Using_ a

csys fixed to the RB.

point A wust be either fixed (ov

In wmost common cases,
NSNS

. : : : . €

i unifpym metion QA r =Q> w-v-t inerhal frame "I’ | or at te

CoMm oF Hhe RB. Other cose s Qai¢ directed *H‘\‘roua)n CoM.

Note: TThe \m‘nge Foin{- A

in the exngle) viclates these
CO!’\diHOﬂS 'FO'\" tA.’ +0 be o
valid oint for sahshyin ' =

P ‘—j 3 ( = 80 / Ma B—AII )<

mm

@, hence cannot be Inerbo
frome 'T?

i M ‘
vsed 4o determine ™ A acce\efa{qna Pl:



Fuler’s Equahons {10\” Dynamfcs oF R8s

The twe Euler’s axioms Prov(o\e o S)/SJer OF— diflevential
equathons for the ca@nem\ mohon of on RRB given by the

ltwoe vector OpPE&s

coM

R = ™ Qcor I @

Ma I" Gapz + Cmir % (2% W) — @

This  and equa’n'on is o couPled system of three

nenlinear ODE ?m‘ solatonal mahon og. an RB.

Note: A is a point chocen such that E‘IMI = M,

Pure kanslaton: = W,z =2 and _‘*’.-m1r_ =0 = M,=0
ER = M, — determines Hranslabhon wmohon o?- CoM
Ma = O — Provfo\es velahong amaeng -@orces that

oct on the RB

Recblinear —— RB l’ranslah‘na in st line
Pure hanslahon
Cuvvilinear — R® hmns\ah’na a'lana. o
curved line

oieks consider an examP)e o@ vechlinear bhranslabon



} The pickup truck weighs 3220 1b and reaches a speed of 44 ft/s from
rest in a distance of 200 ft up the 10-percent incline with constant ac-
celeration. Calculate the normal force under each pair of wheels and
the friction force under the rear driving wheels. The kinetic coefficient
of friction between the tires and the road is known to be at least 0.80.

Assome : 1> Mass of He wheels s

nealiai\ole

2> Truek can be simulated

as o ginale RB

Fep of huek
I T a v a W We N

2‘§3 to

~
€

- Fix o cgys e, -
the RB with convenient
divechons CChoose é‘l
a\ona, e st line Fa-\‘h

= linear acc. cmPonenl—

a\cﬂa e, van n‘slnes>

Aimiloely , for shaight line wohon: Vo = Vg &
USing the ~elaton - V_.LQ'= Aoy s,

> a, = (44)° - 4.4 Pt/ s>
A (200)



Equivalent force system abt C

F. = (F —wS(n@J) e + (N+N,— WeosQ)E

-M-C = [(N|'Nz) L + FX;,:I §3

APplgma Euler'’s equah'ons o{a- vahons ¢

st eqwm: (F— - Ws(n@) @, + @I-\- N, — Weos@)E = wm oy éﬂ
= F= Wsin@ + ma, | 2 ONEN, = Weor®
D @
and egn: [(N-NDL, + FL] & = 0 3 eqrs 2.

2 uvnknownt

N, - =
= C | Nz) ‘QI + F Ao o @ CCon be go\vadl)



Applicahons of Euler’s axioms
Thevre are numercus oFPl{ca’n'cms.

A small list that we will look into:

\> :Fl'ndl'na o\anquc. veachon ‘?crce sy.sl—@ms
2> Rotation about o Lixved RRB oxis

3> Plane (ap) wohon of an RB

4> Balanced wmotion o{'— o xaoler

S-]_—e[:s towarde so\vina Pwrob\ems on o\anamfcs of RB

> Tdeakfy the R8/ system of Fl\

F4
interest | and rvepresent the /
A

isolated RB/ system by FBD F, —

\

22> Iden\'i{:-a a valid Poin'l‘ A F,

such that M, = o%r %HA[J:}'I = Ha|r holds 80001

(‘T’ i3 an inerhal {H’cmn@)

(o

3> IdeﬂHFa o workina cays e -8,- such that it is -leeo\

lo the RB ?rame ‘m’ and has orfain at A



4y Write the equivalent force system
l—hvough A

1n>

Fr = Resvltant of all forces and reackons

Ma = Sum of— all couples and

moments (due to forces) atr A F=2F

57 Choice o? eclua'\'fon.s: Iden’n'(la which set OF Euler’s eqns

is OFF\\'cab\e @ or @ or Both

o> Onlg hranslabion <> @ on]g
l:>> Onlﬁ volahon <> @ only

Q> Tranglabon £ voluhon <> Both
Kine Be
d{aaram

&

Y
<

6y Compute the inertio. malrix [2:_:)‘]

}(no need to find ccmFov\en\-s

usina l‘rgns-ﬁwmqh'm 'R
that you don't fealuire)

// axes theorem

17 Kinematics : Use kinemate velations (such as  compasition of
anau\ar velocihes and oceelerahons, vel/ace transfer |, voHina
without  slip comlrrainl-s> o find expressions of @10, -
ond ez -

e-g. if com € i3 noet on the awxis of ~votahon, then use

Qe T Q‘A\I- T Ymir x Xea + Wz x(ﬁm]r XKCA)



8> Noumber of unknowne: Tn avder {for an RB dynamicg prob-

‘o be 2zolvable , He mumber G{l unknowns cannot exceed

the mumber of equa’don_s ovailable

7 Dz > Dz > Lo

e Tf +the ohon oF on RB s -Pu\\y known, the FEulerk
equations can be vsed to evaluate the net Lorces
ond wet wmoments, n Par\-\‘cula\q e unknown Teachone

Cgince H’\ey are wnot known in oxcﬁvance)

» Tt is Possib\e Wat the number o('— unknown yeachone {o

exceed Ythe number of ovailable independent equations.

Such casee are called indeterminate Systems

9> Consfskency of Assumptione:  While &rmuwﬁna the sclutiom,
the directions of cerlain —@orces/couples ovr accelerahons
may not be Known in the loeginnima, 2o wmake an inihal
agsumphion. However, all assomphions wmust be made
consistent with Newton’s 3¢vd law and wikh any kinemahe

constaints.



Note: For a comPos'lh;o RB, Qcir (for vse in Eulec's fct eq)

con be found in two ways:

Z_ Ye ;/;N
st way : First %ncl e = ' CoM of’— 1 Simple RB
| ) Em

CoM of \ mass o@ ith gimp]e RB

ComPosH—e RB

M: m oL = Z m . 5c;|1 «— this way = Pveferrec!

L
wheve some ;s ave

Net accelemh‘na

= lesc Qlaebrcx R effort



Apph'caHoni: F\’no\fng da‘namfc bearfna ~eachon -Forces

Qiven :

1> Link ABC is massless

'\‘\> Dicsk hoas mmas=s m=4k8

i'll> ws_l w;\

ong ular velocihes

ore constant

W, = 5 vad/s ,

Find veaction force system
exerted at suvpport A.

Solubon -
\ > |den{'ifa and isolate RB of interest and drow FBD
Two simple RBs
é,
Ec‘ua\ g
—M_ O]’POSH'Q
due
“\/ EC:. LS
A C§ 2vrd law
F/I Me
~A Re L
CmossleS'S) RB2 C?"" badl'j c{Z
interest )
ER=R|I§‘+RL§2_+R3§3
MC = Mc”é, = Mc,g é:.. + Mc,3 é}



Since we are octked to Lnd veachon -@orce system at

point A, which is o part of RB ‘27, i} mmakes sente

bo start  with ana\azfna RE ‘1’

FA =

F. =

-C

A T

I

=

L

™M
~ ~ ~
Fag € + Faz & + Fas S Fc
N~ -
Fc,l ?31 + FC-‘,?- €, + Fc,: €, /'A C§
F MC
~ o M i~ Al Re L
MAI‘ g‘ T MAIZ gz + A,s gj ~——~

Cmasslegs)

1Dy

LAY ~
Mc,l € + Mc2 &, + Mo s €5

=
>
+
3
1oy
_I.
<
w

m
w

RB ‘12 s magclecs , Euler’s two equa-}—n‘ons deg@nemke

FA + Fe = QO ( st Euler e:rn)
P, = Fe,i
= Fa,2 = — Fez2 G unknowns
Fa,2 = — Fgz3
Ma + Me + Yoo x Ec =0 <Q‘n3« Euler G?'n) +

MA,I + MC,l + C"rv. Fc,s - Y FC,z) = 0 /

Mﬁwl + M2 + ("rs Fe,it = Yu FC,S) o 6 Unknowns

[l

MA,?; + Mc,3 + CT,_ Fe,a. — Y2 chl) = 0 6 eﬁ"*ths



We have 124 uvnknowns (QH companents 0€— Ma, Mo, B, E

and onlg 6 equahons. We mneed wore equa—l—.‘ans.

et wnove to RB 2’

— Potat C which s the CoM of the disc is o valid Pofn"l‘

for Heir = Me

>

) A N . . .
— Fix ovur workmg csys €-£-9 on e disc with C as arigin

N

LA n o . . N -
Note e-e,-8; coincide with the PrlﬂmPa\ axes o‘c the

diek .

— Find ec'u1'\ra|en1- {lo*ree csystem at C

~
=03
™ a
—clzt
(F)e = R & +R-wmg) & + R, & 2
—cl\1
A ~ ~
Me = Mc,| S + Mc,q €, + MC,S €s &€,
& "
W

Kinehe d?\'O\aro«m

— Since we meed to find both veachon -eorces and OOUP|E‘_'~'.)

we Yequire bo th 0? Euler’s ealuatfons,

For -Porces — use Euler’s st =set



Ec = "™ Q.

>

~ A S &
2> K, e + C]'-c,z'ma) €, + Fc,s §= ™ [QCA € T %2 &

~
+ aC,B g:s ]

Feqn = ™ Q¢
3 more unknowns
g—cl]:)
Fe,3 = T Q¢,n

For couples, vse Euler’s and set

_ A ~ ~ _ C L]
Mc_ = MC,| §1 + MC,Z C::‘;_ + MC,B g_g - ; —EQQII

Can we vse any gimP'lfFr'ed forms o{i Euler’s nd equah'on?

71‘:3'_

Simplified coses of Eulers and axiom

Iy

Mh = [ oh e - (Th - In) e ]

—

@ When é.-a,-g. ore P-rincipq\ oaxes at A:

1124

"‘[I:z':’a— (I:;“Iﬁ)"“’s“’l]

A
> e = e
C,-%:-5 A A - A A s
° I o + [ I, wy — (In —Iaa)“"l w{] €s
o o IA
&
. _ w _ -~ A -
Y = Wy + Ran o= w8, + w6 &
- a O . C)
1) Wagr = Wiz + Wals + Wy x Wy, = ww, €
AN S
constant

(ﬁ iven)




Wy Wy

bo  the
Me,s = I‘\c (w-'ll]l).i_
Mc,2 = Ifz_ W
MC’3 - Isc‘s (“Ozir);

Need o determine all

The +hin disc b@ina_

body o?— xevolohen abt €

Euler’s And =et a{l equations are:

Lo,

- (In—IsJ(m ). (oarr),
O
I“ > ( JZII ( .'z[];

o bdl

(w-ﬂr)u (w-‘ll I)g

Wy

&

&

- (Iss

- (10 - T

c c
thvee I, , Izg , and 1ss

C d
= I, = I,,

2, L
= "_"_‘__r :CA\)(O-IQ) = 0.225 Kam"‘
: B <
ond I; = I“c + sz (Recall b axes thw
g Por thin ]ama’na)
8 = wm¥*_ gas leg m?
=3 :\
Therefore
v
c c C
Mc,l = I, ww, (In_ - Iss) Lo, W,
= (Of - T+ 1.S) @ = (0as) (308 = 3395 Nm
v
MC 2 = O
’ Mce  Known v
‘/
U\)\c,z = 0

'ﬂ/\, Ea , Ec, Qelr 7

(12 unknowns)



We ore mow lelt Yo vce kinematics welahons

- g—ClI = (wl éz) X {(Wﬁ éz) S COAS él + 0-225 —é\z)}

Pluagma in  the values OP w = Srod/s G\’)o‘ w, = [§ rad/s.
~
Q‘Cir = =125 g @/52) gc'I Knawon \/

Plua the above value in @ and get  Ee

Fe,, = ™M™ Q¢ = —-45 N

0

mC}.:,/z + Mg _ 4 (a-8) = 33.24 N

@)

FC/Z

(o)

I

Fe  known \/

You vow have M, , Fa (6 unk-nou:m) X 6 egns

@ , Salve Cmd 881" H“em!



Applica{‘ion a : Rotahon about o —P\'xed RB ax's

Given:

5T @ L—shaPed composite RB : twe thin
m, L QimP'le vods af— lencai'h L and wass m
5w
B3 ) 'b @ A i'o'rc(ue T is prl\‘ed on 1t
ml

Fnd D angulav Ve!oci\—a w (t)

(i) veachon ?ov-ces and wmoments at A

SOth'a/\- R3
A Cr,
— Dyaw FBD by I‘SO‘Qh'na / Ra'“(-)"-
Ri (> T
the composite RB from CRI <,7) C,
svpports ma Ca
e
. m
— Potat A s ]Qixedl to the lT\
72
mevrhal %mund bame , so
A
pt A s a valid Fofnl-[
Ma
A é,
— Fix our work\'ng csys &-¢&-§ / F
g, =R
ocn the RB
= D

— Fincﬂ eclm'\ralenl- ‘@OY‘CQ Qgskem at A



R, & + Ry & + <—ng+‘?3> e,

I
70-'1
]

< (No couples due to
R, R, Ky as {-he/
Poss %muzh Px)

S~
. + T &

>

Ma = GR,""“%_&) e + Cr,
=

”~~ .
w e, (other components are given

Unknowns are : Wmoir =
as Z@FO)

L a ,\ .
‘-)-o-\'YI]I = W €3 CQ\nc@ W, -:-w,_:-O)

Qe (all comPonenl-s>

— C hOl.CE.’ OF— Eu\er ‘s Qqua\'\'onb . Bo+n

Using Euler’s Ist equation (for tvanslational wackion)

a o m
= - = ™ Qa
ER =) L -"-'9'°1|I T WPy =ca|z
Tgb . ¥
?.»—)Q;_ To obhain Qe p » YOou can use acc.
ey
{1C, \‘fansFeY velationg ?\;‘Om Kinemah'es
™m, L
Ca LTP=B , I-F='mI(RE
= m e o) . V:)éj %—"”-
!
2 = 61 @7{11 x Y2 a
~ Lé
-

VIS
N
10y

il



S Eg =

—wrn_l_:,'aél - wm L8
Y
= R, & + Ry & + (—-Qm%+R3>53

UFon com paring the com?oneni's :

—_ = - MX :
0 R. = - mé 2 sHll vnknowe

iec - Ky = amg_

Let's vse Euler’s 9nd ec(uq’l-:'on @or vokaheonal ynashon .

MA = _L.A tf:_)m]]; - Bmp X (LA QNII)

Can we vse any simplified forms of Euler’s and equation”?

7&9[

€

Al

v
1M

[[v}]

s L] w
Recall Coce 2 fom lec 13 QD)
AN | C:L
™, L
Ca
(®) Rotation of RB about an RB-fxed axls (Wnir = w8) :
Gﬂy?;) B

Here, the RB is constrained fo volate about on RB-fixed axis,

8oy é;, so that Wy, = w & and Wwz = '-‘.’EJ

H@re, e RB

The axes 2,-6.-8 may wet necessarily be principal axes

Yotates about
an RB-f{ixed

. Py
oxis €5

U
(Zol\ows Cose




For Cose 3,

the Euler's Qnd ectukai'l'on

was S(mt:ll'ﬁ'eo‘ as:

<
>
I

Mp,z =

Calcuwlale the

as the Orfafn

A A C’ompu'l-e
[ w + I
= > w/ these next |
AT . '
L,, w

vequired Tnevtia tensor compenenks h’eal-fnau A ose

and RB-fixed csys & -8,-&

B, = vod AB
o I‘g for cOmFosﬂ‘e RB (vecall lec \;{) B, = rod BD
1
A A A Al > éz
s = I (B) + I, (Bz) 'é‘/ -
€ | J_-Q/z
R . O 8) ™, ] Cﬂ_ (0,0 )
I13 CB|) = Iu,LCB.) - mCxCl)1 C.xcl)s = 0 B, Ca (Q/ 0?’2;_1)
Cxl QO) B m,!. B?_ D
(@) 0
C
L. (B) = Tp3(B) - m(ey), (%)), = 0

x, = ©
A, %X O

.. I|;‘ (for ComPosi\-e S _Q,‘aned RR) = 0



o I:.: for ComFos'\l'e rRB Orecq'\\ | ec \.:{)

€
A ~
Loy = I.zg (B) + I,f; CB:.) .\;T > €,
e,
o o lc, (¢,0,-%)
A Cs_ C')C 'M,IL +
I (B) = In*(B) - w&e), (%), =0 g s (& %D
C":L"‘*‘fo> B o n B, D
o 2 -L !
T2 ( €2 (Xey), (% - mi*
as B:D = T (B_.,\) - m{Pe.), £)a = =
(%,0) \ )
2 posihion 0{2- C, Prom A in gscﬂ'
position W oo éqd;
' I (for o ite ‘L’ shaped RB) = ul
° 2% MPGSn c A q‘pe = ._zz_.
o ]:3‘: for cemPosil‘e RB
Té"’
A A 5
I33 = I33 CB|) + Ia': (Bz) s o e
& 2 Ly L[ (0,0,-3%2)
A
IBS (B:) = IBSLCBI) + m{('xcl)‘ + ("(cl)zi B Ca (e, 0712,—1)
B ml BZD
= &) e ™ { oz = oz} = @)

I;; (B = IZC;CB.) + m{(xcl)? + (an)i}



Pluagfng the i(nertia wnalrix

eam%‘ans

MAl

)
M,z

Mg, 3

Recall = My = <CR‘— mag_)
2
_—

MA! |

Co‘m Paring the

camFonen-l-s, we 8et:

So‘vfn% ?of Si¥x  unknowns

lead +o -

v om0+ (-4)]

YY\;QQ- +

- I':s (for Composite ‘L’

= 'mlq‘
3

]:9_3 o

2
I]5 w

w/;,{;

sthed RR)

2

Cl 66107121—
B 80D
- mALT
3

0
— wmlt,2
2
mi2 5
2L
wA® Gy
2
al
+ T &
MA,S
ml.z wz — da
2
2 g
JALE ST — Qb
pod
mi* W - ac
2



Py
w(e) = w, =9
3wl -w, ==L t
ml*

Inibal condition

®
\ig
N
N:U
1l
5
g,
N
/\
El b
N
~—~

U
X
»
]
|
3
oY
&
N
I
|
3
~
VRN
W
-
+
..l..
OE
——
P

Tn this PvclolemJ Six unknowns could be determined by usina
the twe sets o{i Euler’s equahong (Snc scalar eqns)) but Hiece ave

several coses where the # of unknowns exceed the six equahons.





