Inertia matrix Qor' RBs woith symmelry planes (n vass
dislribuhon

Recall the moment o{l inerh a fni-eam\s about an axis n

Passiﬂg -\-h-rouah Poin’l‘ A
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For a homogeneous body ha'ving o plane of symmetry | e

one of- Me coovdinate P\ahes conkaing  the boo\y plane

S%mmeh)o, Hre Pw-oo\u.ci-s 0? fnertio I'ﬂvc\vina tHhe caoevdinate

vaviable pevpendicular 1o this plane will vanish.
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Thus, te inerha wmalrix at point A in the chosen coavdinate
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Inerha tensor -Ew- some sloedal kamogeneous RBs

We @ocus on three SPeCf'Pl'c. homoagneaus (meanina um'-Form mass
o‘\'sh'ibu-h'on> bodies — > Rectangular body
Q> Circular bod)«

3> SFH@\"{CQ\ bacﬂ)l

1> Therha tenser ‘por a reC'l'qnﬂMar CCubor‘dal) RB
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How do you %no\ [JziAl about point A (at Corne'r)_?

The csys basee at+ CoM ¢

and at cevner A ave //
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;L> Therbo tensor —@or a cireuwlar aHl(no\n‘ca\ RB

-~
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Taner vadivs : Y

Outer vadipe : v _/

Ler\ﬂi-’n : L

L
Here, the =z-axis is the central
axis oabout which +Hhis \oac;qa( can
be 8enera’ceél by vevoluhon.
o oy XY plane Iz
5mmehﬁ P]a"es:\y—z plane = Tas = 0

\ X-2Z Plaﬂe I]}
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(oith cross-sectional area A = TL(v*- ¥>) and wm= PAL

r; = IR (rol + Y‘I'.,-)
A%

Note that the %enera\ form of I\\C I;_, 3133C ave :
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Trnerbia Tensor for Anoulor Plate
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3> Inerha Tensor ‘For o SFhere .

Observe thalt every P\ane I‘hmuah

> y,8,
CoM C s a P\ame of— symmeh-y,
go all P'roducks of- inexha vanish
ond Iﬁ = ]:',_c2 = I:3 Cs‘ince bhe sP\nere is symme!-r\'c about any
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Inertio Tensor of o Camf:osite RB

A comFosi{'Q RB® is obhiined by comPosi’n'ora of several

3eomeh-{cq11& simFle bodies whoze Jnerha Ytensor:s are krnown

or maabe easﬁla determined.

If there ave ‘n’ RBs B, , ten the inertal tenser for the

n
composite RB B = EBPJ raybe be toriten at a point A as:

Comrosil—e 'Iaoda A B,

n
I (B Z L® (B0
B \> inerha tensovr Q
B,
of ith RB at pt A

If— B has LP’ cav'\h‘es/ho\es ;‘K’ we wmay imagine the each

B,

cow‘ll-g os an RB with nega-'h‘ve mass . and the inerha

t engor oF Yhe ComPosH-Q RB (oith ho\es/ca'\ril’& is

IN(B) = IN(B) - 2 IM(ED

K=\
) \ inerha tensor

R8 with RB with
i E
ho\es/cavi\a no Ca“'"\'g/ho\e O\q ith RB at pt A
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—ﬁ'ans&vma{'\'on Rule o(— Inerbae Malrix O(— R®

We know tat ke inerba tenser :_l_: dees not olepend ox
the orientaton of the coordinate 2ystem. Tofact, the same
is bue for all tensor O{U\anh’h’es- However, the secend -
order inertia tensor, when exp*(essed\ M o wakix form
vsing o orthonormal csys , the malrix components depend

on the orientabon of hthe csys lines.
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We osk the queshon : How are the inerha matrix QomPonen'['S

velated ? I



'Rela'\'\'ng inerta makix 1n  twe diFger@n‘l' cooxdinate 2ystems

Two sets °]a orthonormal briads

can be xelated ‘Hﬁmuah a unique

volahon ‘tensor
"FD‘T‘ all
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J/ Il'ﬂ O C‘sys
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&, .., = [&]
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_ - = / -
[ xl [ ] |
Y = Y. =
_PA] ~ —PA (e 4
g X2 E, 2
~ g /
e, =1
= x = x
8, L T3 E, [ 73
_ A A o~ /’\ ’ A / ~
I‘PA = x\ S + X€e, + Xy € = Xl El + X, E + X B

If
Iy
I~
N
10>
+
NN.\
I
.|-
\nx\
10>

SN



In ofner words, (pri{—ina [IPA] w-v-t &-8-93

) L

olet’s mnow vse this ffansformah'cm in the definihon a“i inerha
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Axes 0‘1 Inertia oF RB at Pofn{' A

We now oask te quesh'on that s there o set cf— bases usina

which ‘{f we express the nerha ma\-rn'xJ it will be DipgoNAL?

(y-e.

the products of inerta terme will vam‘.sh)



In «a *‘l'cg\‘cﬂ bocﬂy) the two vectors W (anaular ve\cncilzj)

and HA\F Cangula%" mamenh)m)) related ‘Hnrou(ah He inecha

tengor ];A , ave not Fa'rallel n 8@neml.
A
Har = £ Lupr
net //

Xa) 8enera1

However, for each peint A, there are come direchbns/axes
Por which the twe vectora Wmeg and H, are parallel -
These divechons ave called principal direchons  and the
axes a'long Yhese direchone ave called Pr{nciPal axes a?—

ynerha. at Hat Foinl'-

Alona Pn’ncqu\ QaxXis OF inerha

A

Bajp = ; LYep = LmiF

R

gcalar

A values are called the efjen\m\ues aF Hhe inerha makix

and they are bhe vook oF Hhe chavacterishe equation :



aet ([2] - 2[2]) = ©

AX3
Qa!en’h'l'j

wahbrix

As {;A} s S)rvnmel'rTc and Posih've cle(—.‘nii-@ wahr ',

ST

Hhere oare a\uaays Yhvee veal Fo_ciHve eisenvq‘lue.s.

There is an eigenvector N associated with each eigenvalue A.

They can be determined %muah the @:[uah'an:

These ei'jenvea-\—ors LATRER | R n(?:) 8ive He Fr{r\ciPQ\ axes

of the RB at point A

Wwhen we express e inerbia mwaklrix using o esys whose

bases are DCD) ﬂ&)) n(a), the inerha valix becomes
O‘l'oaonql
_ - _ ! —
A O © b o o
A )
_ A
[; ] n( R A PR = o I o
ﬂcz) >\ Al
A€ © © = e ©  Is
Y] A’ / 7 A‘ / ] hl /
Thus, HA1 = In WO,k HAZ = In Lo 1e HA:, = I“ W1k

Croes-CouF\{na s f@movecﬁ) and a\ae\m—a {s simP\er'E



Note that at least one mui-uallg P@rfzendfc.u\a'r' get oF

Phree P-n'ncfi:a\ axes ALwAys ExisTs at every peint A G‘F

ke RB
Two ways OF Fl'ndina
Frinc\":a] axes c:f— inerha O%
RB® at pt A
! ]
E |'aenva\ ue Visual
am\asis InsPec\ﬂ'On
(al woys uoorkg) \/ \
RB is a RB has a
\ooo\y 8@(‘1@"01’@59 Known E\ane
b)’ veovaluhon ae— o@ .cxmme\'rzl
areo. abt o cenhal and pt A Jies
axrs qusina '\'h-rovalh an  that P\ane

Pt A
N N

We will Dllow +his
{

in our Courvse |



Bodiea ~evaluhon

A bodg a@nera'l'ed by ro’ruh'na_ o ?\qna'r‘ areq -Hw-mug\q

2¢0° about an axis (Sag =z, és)

r~

~

~ ~
€, 8 <« €, S8 <«

@

lorus

e he cenlval axis o€ vovoluhon s one ?T{ncipa\ xS

® Pma other Hweo mu\-ualla PerFe'ﬂdfc,u\G?‘ axes Pagsina -lhmah
pt A and laing in the Flane Perpendfcu\a'r o cenhal axis

o@ vovoluboa wil)l vesolt in two other PT\'ncqul Ok 08



_(Twereewre) ‘Pm' bodies o‘E Y‘WO\&J:\'\'O\’\) e inerbor valrix at
pt A lama on the cenhlal axvs oF vevaluhon (swqa E,é:s)

will have the form

— A pa—
I\\ (@] O
A A
[IAJ = o I,. =TI, a
A

Bodiles with flane OE szmme\vz

For an RB with Poin"l- A \5ing on o P\ane o[— sammehr)l ,
any oxis P@rPeno\fcu\or ‘o Hhis P\ane af sammeﬁry s oo

P'rincqu] axis CIF ynerha

Case 1 : RBR  woith one P\cme o?— symme'h’)'

- SUFFOS'Q on R® has o gymmehy
pPlane CS“&S %~z plane) passing
peint A

— Then, the g—axfs (Ferpendl’cular Yo

e P\ane) ie o PrincfPa\ oaxis




Case 2 RBE  woith twe F[aneg OF Symmeh‘y

— I{" Hhe RB has two Sy'mmeh-y P'\a'ﬂe&

CSQB xy—plane and yz—P\ane), Hhen

their (ntersechon (\,—am’s) s also o

Fr\'nci?a\ oxis

two P\ancs o@- Syw.
— The axes I‘:erpenc\fCu\ar }o each Syw:

F\ane (i-e- E-O\X\-S Ono\ x—axfs) also

become PvincfPa\ oxes.

— In His case, all the three coordinate

oxes Hhemselvea arvre the PrinC\'Pa\ oxes.

Caﬁ/gg,é: RB woith three 'mul-ualla - planes o%-syvnmel'l‘y

Bodies like SF\nere. have Ythree mu\‘ua\\é e S)Wn'mehy P\a«ne&

Rence, the Ccoordinate oxes ah’anea with these planes ave

the ‘D-rir\cfpa\ oxes.




