Recag

We have been ’mh«ina about Euler's And oaxies in the

\ast lecture, in \oa-r-'h'cu)ax*} houw Euler’s aAnd axiom ary be

written about a vefevence Pcml— A which is mmn‘n% Cact

8

%‘xec\) w-r-t- an inerha fame I'.  (We derived +hat Por-

cuch o movina Poin{- A, Euler's And oxiom +ovng oul to

be:
Alternative
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ond ‘that _E‘Mz = M,  is valid oﬂ\té for  certain ciccomstances

In fack, F one chooses the point A to be the COM & the RB

then Heir = Mc s valid |

The wmotve behind l“‘yfﬂa. to vedefine Euler's and axiom
about o mavm‘na vef@rence Fofn% will become wmore clear
once we learn tnat the inertia tensor £ an RB becomes o
Conglant when caleulated about o pt lying in the RB (or it=
rossless  extension) . VYou cee that ony point ‘8‘”2 on the RB

need not be fixed to ‘I’ and therelore the need For

alternate defn of Euler’s and axiom!



Can we develop o caenera'l equa’n'on Por the ongu\ar
2 much lLike linear

momentum  of @ rigid body Hap = _ ¢

momentum o an RB, PlF =M Vo 7

det the Ve\ocil-a OF any F:o“n’r P of— on RB velabhve {0 a

Y@‘F@rence ‘:oin’C' A &€ RB (ana%her’ material Poin-’l— n RB or a

Zeame 'F? be
could alee be

dena’ced al ¢ \_/PA]F = Mp“: - .'\_./‘,\\‘:- inertial ?rame (I,

point on ik wnassless extension) in o reference

’\fp.\F

The cmcau\o-r momentum o@- te

RB abeut A is:

Balp = SCEPA X Npa)g) dm

F’ Tn tHe {A-%ure
Kecall the Ve\OC'I\‘g hransfer velabork pt A s I\dina on

o massless extension

0 (since P is o part of ‘")

V = Y jm + M!\\F + Wmip X Toea og_ e RB = dist

—PlF
A
Eer f AN Pom all pks of
on ‘m’
(o*r massless H'ae RB is P—ixed‘
eﬂension)
= Yplp T XAl T Bmip x Y,
= Ypalr = PLmlF X Tpy < vse iz telahon in the defn of

anau1or ementurm



Bae = S Ton % (Wmpe X Tpn) dm

= X {(IPP\ . xPA) @mh: - CIPA ’ b—o‘m]F> rPA} chm

Let's write the ‘veclors IPA and Y\ F n keyms OF its Compon-

—ente In a certmin © S)IS (%_1 - g‘z‘ §3>
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O-muno‘ Reely)



Hoe = Cxl + X+ X;') CmiEp T (IPA-® l”m) Lom|r dhm

- N [12 I - (T ® xPA)] dm} W |
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Inerhio. Tensor ot [Dl' A oF the RR
(Q And oxder —'\-Gﬂscrr)

!

twe _\:I__P‘ _ J[CIPA' IPA> _£ — xPﬁ®IPA] dm

vnderlines
foc a and

order tensor

v A
° . Bag = -E— W&

Expressed in walrix- vector ‘?on:

P Yepresentortion £ the
[‘:‘AIF] = [_EA] [th:] inerfon fenser in &

3% 3%3 23X csye is o mahix

Atother way aﬁ; dleﬁ\r\'na, inerto tensoy ugin% Einstein’t fadex

netotion is pwvided in the next page !



Balp = SIPAX (L*P-m\p X IPA) dm [
axlbxc) = @b

— (a-b)s]
jl:(!?h . rpp,) _"’L’m];:_ - (I‘Ph ° —U9m|1=) _\:‘PA:I dm

i

lLe¥ leA\ = ¥ (’rhe -maan‘\ho\e & _’f.‘p,,,>

2 2
= Ypa - Xpa = Tonl = ¥

and
€xprese (i’mh: % Yo in terme O{l it= QomPonenB exprecsecﬂ N (sog)

n n Pal
€ -€.—-§&; (¢sys.

S ~
= Wy = WE + W& + W8 = W & "~
(index ncﬂ-q’n'on>
_ ~ ~ N A /
= HHu = Xg + X8 v X & = X €
° — 2 2 2 2
o e IPP- '.I:PA - Y - XI U 3(,_ “+ x3’2_ = Xi'
IPA —wE Xy Wy + X, W, + Xy, = Xy W

Rewrite the expression AL angular momewtom  bar

e = ([ (r2) = () x:8,] do

Compare ],

Batp = Ha & + Ha, & + Ha &
[ -

Ha, = Y* o, - @j w;) x, dm
[ J( 2

HAJ. = Y'Q' LO:,\ — (xj wj) xz dm '$ HAE= Y w[ - (XJ w_l) )(t)dm
- .l |

o= | T, = Gye) x dm | 09 e



Recall Kvronecker - Delta -P—una.h'm

1 o=
8\3 = { ’ \_F ). J_ , also gji = S{J‘
e 'F 1# ) (ssmme'rm‘c)

det uvs wrmte W, | w, , and Wy in terms ch 3ij

i o 0
Sy S %w\"“ %‘*ﬁ"‘ %ws = 83_ij

ji{mi\a'rl\é) w, = 821 W

= e = S‘J UJJ (Compa«cl— indlex no(-a'\-l'oh)

Rewrite bthe c'omPanen\'s Hki in  INDEX notahon

Ha, = J[Ylﬁ_ij w;) ’f:] den
= P{ngu“’j‘(xjﬁ)x,]o\m
onstant for
W= rg("z Sij — X xJ) O‘m] S/ ?“:e‘am**'m
~3=12,3

Nete that the RS o Har is « M of three terms

R><\==ec‘onumsae (j ’

appears hm‘ce)

&

HAi = [S(Yz S\‘J' - Xy xj> o\m]



HAl‘ = [SG’Q' 8{1 = =25 3‘(1) dml w, + [56-9- gi:?. - X XQ) dm] W,
+ [561 Sia - X X3) dml W,

‘A’ is the pt abt which

Omaular- wmomentum s caleulated

A
Define Iij = j(\fz S‘J - X XJ> dm

A
ond we can write Ha; in terms of this new symbel T

A A A A

Hyo = i w5 = Ha, = Ty w + T2 W + I Wy
= =
k ) A A A
sommation HAz = T, w + I, w, + I, ws
index
A A A

Thn wakrix- veetor form ,

A W
bale L S|
[ T B A A A [ y
HM I, I Iis w,
A A A
Ha, = I, Ta Tas Wy /
A A IA /
i HP‘_} 1 -Ig\ I.S:- 33 ] i Uds
o W18
PAUC ‘.{\*LC—\? /- SecConD - ORDER TENS2OR

l—> hae oo 3x3 wmalex rePf@Sen’caHOn

P

o ) =]

(3x1)

A = Hale = EA D mir



Thic second ovder tensexr -]-—____A’ 18 alse called Inerha tencor aF—

the RPA at peint A of the RB
Definiton: Inertia Tenzor __ZEA about point A on the RB

If Xpp denctes the position vector from a Teference point A
of an RB (or massless extension of RB) 4o a 2mall material

Poin’c o?- mags dm at ‘Pofn"l' PJ then the tensor _:_T.'.A deﬁ‘ned)

b)’ - tencor ?"rbdu ct

I" = Jk\’m. pp)l - G ® IPA] dhm

Yen

A .

s called the INErRTIA TENSOR at
Poinl— A

I < Tdentily tensor
L% makeis TQPTQSG’ﬂ{'Gh.Oﬂ is an identily makrix [c'n?g}

oo

Tenger produat OP two vectors

a _ ab, ab abs;
0® b = ab' = : [bn by 53] | o
= = — = a, az by, oa,by Q;._b_g,
\U/ Qa, a, b, o3 b, Qibs
Usina the result
J, x, X, X, XX, %X,
—
Yoa ® Xpp = Xpa Xpa = | o, [X, X, x.s] = [ XKy KX, KR

X;s, xa 9(, Kbxz_ x_—s'x_s



Some propertes the Inevha [(ensor

A
@ In gereral, I # I®  ihat is inertic tewsor wil

depend on the choice of veference point A or B on the
*rfcaio\ body.
@ s the inerha tensor symmelric 7 Ves|

The way 01& ‘:Tao('- will be Hthat the TeP'regen{-qh'on o?—

the inerbia tensor n o ceys, which is o wmakix [IA]

3x3

shall be onveo\ o be symmehic .

K, ]

Y = g X é x Ié oY Y
Tea T X ST T S b FaSs [Xea ] x

(é

€

&) L]

/‘* T'en,sar P‘TDdU\Ct'

L_A = [[CIPA TPA) L Y\ph (%) Tpp,] ™

= 1z = J{([TPA] [Y‘PA]) 2] - Bal [xpal” %

3% 1x3 - 371, AX2 3% 1\ %3
—
1%\ 3x3
T T
X X, [V o o x, | [x, x, z_,,]
[IP‘] — X, <, o | (o] - o, dm
X3 %, @ @ 1 xs {




T
- x, 2[1 v o o "Clwtx x,
[-:E_'A] - X, %, e | o - X, dm
N 2 | ] o O | 7(_,
~ '
scalaxr T
o = b
Ch’angfoge o?— o (_ b -
Secalar 13 the
same c<calar )
- i
X, 21-1 |V o OT | ] [Z. x, Zs]
— X, x, o | (o] - x, dm
N %, | ] o O | | x, {
- [1:_'“]
T
A _ A .
[]_:_= ] = \-_ £ ] = Therbo malrix s Sy-mme'rrfc

Since ¥he repvesen{-o-\—u'oh aP Hhe inerbio tenser is sammeh-fc/

the inerha tensor itkself s alse ey mmelbric



Anotner wa st of- pvoof Using index wnotahon

JCVZS;J - X X ) dm

l_n'cerchanae Hhe (ndices {lﬁj and the wvalue doec

et chanae .

I; = J,' - X 3({) dm

=

g g — X X; ) Adm [.-' ng = gu}
I
J

(1

[l

= XEA] s o Qammeh-\'c: makrix

@ Note the vefevence Foinl- A need 4o be fixed n the RSB

( or iks wossless ex:\-:?ngionJ and therefore lies on the veference

fame Cm? G-F the RB, and is viet Pxed 4o the bame ¢F2.

Becavse A is fixed i the RB , £A {a a constant 1ensox
-
Gireat advaﬂ'}c\je

as XY, will vemain censtant.
for colenlahone

I.-F Pl— kA’ was ‘Fixeaﬂ to Frame LF’) fhen Xon would have

varied with Hme due 1o RB’S woehon and _£A would net

be constant.



@ The COmEor\en\: of the wmalrix vepregentation of- __]_:__A

depends upon Yre choiece oF— ovientation of the ccavrdinale

eystem. But the inevtia tensor ijtself dees not c_hcmge

with Phe cheice of the C.sy.!! (Much like how vectors

de not depend on the choice of csys, heowever, their

components depenc\ on the orientahon of +he cgyg>

@ Hos dimensions (mass) (d\‘sbnce)z

Omoq are evaesseol in the uniks kg m>

Ph%gica\ Sl‘anip{cance of— Tnerha Tensor

The inevha tenser is  invelved in Hhe ahalys{s oF any loody

kovih% Qnﬂular (O’r Y'o[-u-h'onolj accelevahon . Tus‘c as the

mass OF a body is o weasure oF the resigstance +o

translabional acceleraton, the jnerha tensor l:_A s a

measvre of vesistunce to ~volatiomal acceleration of the body



Caxtesian chPonen\-s Of— [l__A]

A ~ ~
IPA = X & + Xy &, + X3 €;
_ 2 2 2 S
Yor - Ypa = ¥ = X7+ X, + X ,
2 \
=8.7"3 liee on o
T = |(v* & - xi %) dm .
1) J mossless exlengion

F RB ‘m’
| = - A 2 z 2
Set i=1, §=t T = j,@l/"'xz X3 - %)dm

— S(x;w— x;) dm

,gimilat\a,
T, = j@]% Xy )dwm, and I, = ch\% X7 ) dwm

Frree Comfpemen%s are called wroments o?— nerhao

IA = S (Zz_z-i- Zsz> dm 1

Moments OF- inerbia. at A
5 C575>

Igz = SCZJZ"‘ z}) dm

S
2
3
T
Lfb)
110)
|\.l
|
1)

TA = S@:f—;—z:)dm )

A
= frxzdm=f(y2+z2)dm

I, = fryzdm=f(zz+x2)dm

Y

Iz; = f r,2dm = f (x% + y?) dm




The veskt six Com?o'nen'{-s o?— the Jnertia tentovr are called

products of inerta

0
T T I (v

= II:_ = I; = -—lex,_ dm
%e¢e€6re)
T
I:: = sz‘ = -—j 7(| X, d“’\
A Products of inerhia. at A
I|3 = IS? = —'J X‘ XS dm ° F
(U‘)-"-k" él"éz‘é:s cays)
X = I, - _szxs dm
J

% While moments of jnerbia ave positive quantities,

Produc.’rs o{l nerba may be either Pos'\\-\'ve oY neacah've

Neote that in many d7nam1'cg bocks the Fvoo\uc{-s a%

inevbio. ove defined somewhat dfﬁzereni'\a‘.

A A
A A —
Ly = L, = fxy dm Ixa - L
A A
Ix’: = Iz:= fodm ; IXE = = ILB
A A
1h = 1= [ yzdm X, = - I

% Please exercise caubion when Ccmsulh‘ng other sources |



For an RB  with uniform aesg dengilﬂd, P = constant may be
extracked from the inerba ntegrals , and the \'n\-e«ara\ will
Yemain as velume \'n’ceara\s -

T A
J

T S(‘rz Sij — xix;) PV

P S(rz Sij — Xixj) dv

Note ; once again, that the wvalues of the COMFGﬂeﬂl'S de]:enci

vpon the choice o?- point A and the orientaton of the asys,

I+

A~ TInerha Tensor aF— RB at Foink- A

(does nat depend on the orientabion o csys)

[_];_“] —> TInertio Malix of RB at point A w. vt

A A A
ceys €, -€,-6;

A A A _ -
I A —A
I, 2 L The ~Tuy -T.a
A A A A _ A A A
{; ] = I:u I L2 = IY" IVY _Iy%
-5 -14, 1l
A A A | X Ty 22 |
I3\ Isz ]:33

- / C‘.n fome other )oookS)
CGmFanen{-s dePencl an

the orientaton of csys



Moment of TInerha for a Thin Plane Body

For o thin, ‘Dlane flat bcady |ain8 in the x -y P\cme

.. . y
of neahg:ble Hhickness &t)) !
I/_\ dm
v I
€ —7 0O = |r/ B4 ///
L/ L
k/
. , 0O -
and  the companents  of inerha =

tensor Ffor e Hin P\ane body |
are
o
e (6D an = [yt an

()

T, = j(x"’w}./;-) dm = Sx"dm

(

I%: - S(x% y?) dm = I“A + T

A

Hhis relah‘ons\niP Loq £ I‘,A + Iz.f s called

the perpendicular axes \-hearemH

II: = I} = —Sxy dm

A —Sx;rod\'n:O

o
2z 32 _Sygdm

H
>
Il
H
v
Il

H
>
i
H
l
I
e}



Moment OG‘ Inerhia abeut oan Arloih'avy Awis

The woment of- inevrtha comPonen’f's oF the inerhba tensor

hove the 8eneral £orm
Inn = S T:‘ dm

¥ Pevpeno\\'cu\qr diskance

bom axis n (with unit

vectpe ﬁ) te the element

O'F moaes dm

Thus, Thaa = S ¥, dm i3 called the woment of inertio

about the oaxis n  through the point A.

Ex- Moment oF inerha. abt &, -axis

\—owouah A , 6= §1




Radivs of Glgra%’cm_
s

meanina vorahon

The ~vadivs of 85mh’om about an axis 1 (s o pasihive

ccalar k: defined as:

mMmoment o@ inerha. about
A/ on ax\s n PCASS‘Ma H-n’ouah Ft A

A
kr\ = Inn
m
\ ‘total macss o€- R®
Ex:
A A A A
kx = Ixx ax ki — Il\
m m
g(mi\or\\é ,
A A
ky = | L2 N K_: = I;:;
m ™

A
* Kk, s o weasure of the distribuhon of mass of- o

%\'ven body about the axis M .

%* Phgsfca”z, it means that £ all the woss or— the ‘ooc!y

could be concenlkrated at a distance k: bom axis n

)

Hhe yaoment of- tnecta I:n wauld vemain unchqngecﬂ-



Parallel Axes Theorem

This  theovrem is o uvselul h-angporma’nbh vule that velates

the inerba walrix Oomfbo'neﬂ{'s computed at a  veference

Foir]{:' A on the bada o Hhe COmPa‘nenB o@- rnerho yrabrix

ot center o{— macs C

Of— Fhe RB  in Pamlle\ caye

Consider two Fara\\el cays axes, one atr COM C and ome at A

- ¢

components of
erbha malrix at

the coM C

YI:-__A] <— nerba malix at Fcin’r A (w-r-{— é‘_gz_éj ng)

How s {;A] velated to [gc]

ooy (0> 10
oy (> 1o



Yoa = X & + x,8 + X8 = X §
— o A o
Yea = ><cj_ € + X, & + XC_:, 'F;’3 = Xcl. S [Cons’ran{- vgc&w]
¥ —_ o~ — A - 5 = 5
Ypc = X & + X & + X & = X; &

Consider the COM C os the

or(ain

Moment o% inerhon termse

3 I.’.\ = S @22 + x_:,z)o‘m

Il

SK"% t E )+ (% + %) dm

fl

[C'i: 4 i}z) + S <X21+ 9(;;) dm
e
Cbns\-{- web in earahm T‘

+ aSXQZ iz dvn - ;2

(ol

+ Q"C:GE olm) + &xCSG E%m)



_ i j ¥, dm
XE O‘m —e) SINnce rQ —_ ‘._Q 1—he mg-rdfnq'{-eg O?
[ dm
the COM ond we have alreocly o.seumed
Yo = o COff%iﬂ)
A C 2 2 N\
III - Ill + m (Xcz'l' sz)
;’—\r&)
2 Note: Moments
d, ok
gfmflarlg, wmerba have Mheir
Syallest wvalues at
A — c 2 2 ( !
I:-:. = I:z + mMm ('Xc‘ 5 xc3> CoM C Compa-red
S~ V >
2 .
d. L o pavallel axis
A ¢ 5 . at any other point
IBS - IBZ: + m ('xq t xCa)
\_’—\f'————J
2 p.
d,
e,
I C
N a % 8,
€, > -7 - 2z . 2 2
T = P Xe, = d3 = Xq t X,
- i
NS
A < R aal! QT%
2 2 .
= =X x
dy is the perpendicular d' ca T Te,
PN . 2 2 a2
distance between E;-ax\s ot dlz = xcl + ?(c_g

A and that at C



Qimilarlg, PTOduC{'S 0% inesbha terms:

Il;‘ = - j X, X, dm = -— g Czc,'\‘ il) <XC:_+ il) dm
A C .
= Im\ = Itz - M X X, C\fer\{:a_ at \ncrme)
A C
Oﬂd‘ Iz_a = Iyg — wm e, zc'.‘s >
A c
Notes

I> Parallel oaxes Mheorem Is NoT valivd ’?ov‘ any two
8eneral Fo{nl—s. One o{-'— Hne Poinl-s musl e the

CoMm C,

2y Yor any  fwo caenera\ peinsk, A and B:

[LA} is known > %ncﬂ [],;61 ?

S s o [_I___AI /el axes { 1 /lel oxes [LB]

H-. eorem H'\ eorem



