Recap

We had inkeduced Euler’a axioms wheve we -R:uncﬂ Hhat
we needed 1o find the net external forces amd met ext.

moments qc—\-ina_ on o sgystem. Towards tis %oal, we had
inkroduced the idea o(’—- equivdlent gwrce 2ystems Using wohich

we reduced the effect of several forces and couples Olc'_'H\"ta

on o Sys'k-em o an ecfuivalenk ana\e veavultant gorce and a

gingke restltant cooPle, or an eguivalent wyench-

Before we find the equiva\en’c Jorce system, 1t {s needed

Phat we ideni-i% all the Porces and covplea that are exevted

on the system — the external forces and covples. In the last

leckure, we arted o\f:cussfna howe 1o draw FBPs where we
{o\enHFa all contact and 'oody forces and contack moments od-l'ng

ex’cernalla lo the g\js%@m vnder considevahon.

Tn this lecture, we will lesk at a class o% ext. Contoct

:Forces 2 momenk that are aenem{-ea\ (H\an Airectty aPP]{ed) when

O Sgsl-em ‘s movemenjc 1S C‘onsh'ainecﬂ b)’ some So]:lzoﬂ's-

—> called veachons

O ™ ™ e



Reactions at  Svpports

Twn Man% si-}uqh’on_*a) e moton OF on RR or o sss*em

s conshkrained by sSome SUFPOY\‘S

£x

support /

When a -P'ovce 18 aFPHed on the system, the SUFFG-H-
8enem\'es . Pmrce gjskem (?-o'rce ond\ mmneﬂ{'/COuFle)

contact fxce R couple
The surfice force system that develep ot the supports
ox Foin'}.‘s oF- contact on the boc‘y o?— interest s called

e ~eachon ‘@orce sycl-@m ('m short REAC‘TIONS)

Onile drc&wina an FBD o{;'- o SSST:@m) we shaould ~emave
Yhe Physfca\ delaile of the s:u]:]:oﬂ: and veplace thoze

details by a ~veachon force .SBS'\'@M!



General Rule : If He suvpport prevents hranslaton in o given
direation | then a ‘P‘orce wust be deve\oPed on Hhe sgs{-em
in that direchon. Likewise, £ ~votahon s P*r@\ren’ced, a

COUP]e moment must be axerted on the cystem.

R R
T, Moss m - l
W

zmg

g
|
|
L — —x

det ve cownsider »?Ew cases O‘f- O“{:@@rent Su,:}:@ﬁ"

Sgs{ems n  AaD %‘v—s% and examine the vyeachons

gene rated -



'SuPpm'l‘ veachons —?01' abD ana\-.és-is

Type of Contact and Force Origin

Action on Body to Be Isolated

1. Flexible cable, belt,

chain, or rope i
Weight of cable 6 _—
negligible
—_— — =
Weight of cable %M
not negligible

]

%y

Force exerted by

a flexible cable is
always a tension away
from the body in the
direction of the cable.

1}

Y

2. Smooth surfaces

Contact force is
compressive and is
normal to the surface.

3. Rough surfaces

Rough surfaces are
capable of supporting a
tangential component F
(frictional force) as well
as a normal component
N of the resultant
contact force R.

4. Roller support

C g

y
~
-

g

Roller, rocker, or ball
N support transmits a
compressive force
normal to the
supporting surface.

5. Freely sliding guide

=g

(cEi)

Collar or slider free to

move along smooth
guides; can support
force normal to guide
only.




Type of Contact and Force Origin

Action on Body to Be Isolated

6. Pin connection

A freely hinged pin
connection is capable
of supporting a force
in any direction in the
plane normal to the
pin axis. We may
either show two
components R, and
R, or a magnitude R
and direction 6.

7. Built-in or fixed support

A A
or

“—~Weld

A A built-in or fixed

1 support is capable of
supporting an axial
force F, a transverse
force V (shear force),
and a couple M
174 (bending moment) to

prevent rotation.

8. Gravitational attraction

\\\05(0 \ m

T

&2

The resultant of
gravitational
attraction on all
elements of a body of
mass m is the weight
W = mg and acts
toward the center of
the earth through the
center of gravity G.

W=mg

9. Spring action ) )
Linear Nonlinear

Nel}t.ral F F
position |

x |
7| '
}f\!\f\f\'\f‘-—>— | | /" Softening
k — —iK — —i%

| Hardening

Spring force is tensile if
the spring is stretched
and compressive if
compressed. For a
linearly elastic spring
the stiffness £ is the
force required to deform
the spring a unit
distance.

10. Torsional spring action
7~
AC)

Neutral position

For a linear torsional
spring, the applied
moment M is
proportional to the
angular deflection 8
from the neutral
position. The stiffness
kris the moment
required to deform the
spring one radian.




Reachion {’orce s‘j.ci-ems in 3D ana\gsfs

Type of Contact and Force Origin

Action on Body to Be Isolated C Un k'ﬂdwﬂ&)

1. Member in contact with smooth

surface, or ball-supported member 'T
z 2 | Force must be normal to the
l | | surface and directed toward
: } the member.
~ 2 f\ ~
DN PN x” N ¥
P ™ ~ ~
x~ Sy ox” Sy
2. Member in contact 2z z
with rough | |
surface | | The possibility exists for a
| | . force F tangent to the surface
3 7 (friction force) to act on the
" S P 7 member, as well as a normal
o s, = 1\ e force N.
X y X N y
3. Roller or wheel support 2 z

with lateral |
constraint

A lateral force P exerted by the
guide on the wheel can exist, in
addition to the normal force N.

N ~
o - Sy
4. Ball-and-socket joint
z A ball-and-socket joint free to
| pivot about the center of the
| ball can support a force R with
' all three components.
- P
~ ~
x” Sy \
5. Fixed connection (embedded or welded) zl s aldition to thres components
z‘ | of force, a fixed connection
| | can support a couple M
R R represented by its three
x ~7 M components.
77 hrw
- gl - ~ e RZ 6}\
p - ~ o g u * o
= y * by

6. Thrust-bearing support

D \

N

In a 32D case, youv way have a maxmom a?—

Thrust bearing is capable of
supporting axial force R, as
well as radial forces R, and R,.
Couples M, and M,

S1X

—
[m——

vnknown yYeaction vFO\rce sys{-em <3 forces + 3 moment qules>




We have mnow \earned

0> how Yo draw an FBRD of a sy.s-'l-@m by l-rockina all
Contac t *eowrces and body Lorces ,

PN

opplied Y eachons

k> how to veplace a Loree system by an equivalent

Yesvltant Qm-ce sssl-em at a given point

These will be useful when we degql with Euler’s axioms

Recall Hhe too axioma:

let axom :

El: = Fp C?a’ce of change o lineav
wmomentum = net extevnal
2 macgr = Fg foree )

Center af mass (com)

QAnd axiom : EO'I Mo (Rate 4 cfnamae 4 angular
momentum = net external
mcmenl->
Poinl’ (@)
must be a Fo‘ml—
-?-ixed in Hthe \'nef"h'al [NO‘}.G". TFovces X. \mamenh
velerence Leame T 1 are ?"ame—?nvavfan’(']

These twe sets OF- velabons leoads to khe equations of mohon



which ave effectively six scalar equahions (equivalent to +wo

vector equations of mation) . Together with appropriate inital

conditions, these ave vsed +to deterwine the general mation of

on RB-

Determinaton ce- tais wmohion, hoewewver, dees mnet always split

Y\eaﬂud intoe a translational Pa'rl- and a Yelahonal part. Todact

N wany  cases, these ‘twe parts are covpled together that

give wse ‘o s\fona\y mu?led gsystem of mnonknear ODEs

N e . d_‘Z_(-I:) = % (ZC (v), ER (’l')) 1_\_40(4'))
opE - olt - \
2C
— kean
Tnihal condihon : x(t=0) = x, x =

51‘:::1.’

EU\G\"{_& th axiom ‘PDY‘ (@} Movi\nﬂ Re-@erencg Pofn{—

We tuyn Yo Fuler’s &nd axiom : EOII = MO\

ond Yecall that this vwelabion holds enly for o point O fixed.

v the faechal Kame I.

How can we write
Euler’s nd axiom Hor
vod AB about A ?




Given any %ene{‘q\ ?oml— ‘A mov'\'na wx-t- T (sec-e above -E‘Sure)

Ts Hae = _l\jA VALID ? If ce, under what
— .
circumsiancese 7

To derive an altemate form of Euler’s and axiom wvalid for

o mov!na Poin{— ond o delermine any veshtrichons on ik vse,

lete ficst  derive a velationghip Por teansler of- anaula'r o —

entom from one pt to ancther and then we will derive a

velationchip between the vate of change of- anau\a'r mamentum

about a pont A and the net external mwoment ablb A

Transformation vule Lov A’nau\a'\" Momentum

Anau\ar moementum of an RB abt o moving pt A was defined

eaxlier ;

Hae = IEPA X Ypalp dm
C + Center o?— m™ass o{- RB

Tt con be shown +hat

HA\F = Hewe + m(ICA x MCAIF) (Prove& nexl-)
angular mom. totol wass of RB
ablt C



Praaf— o{l SAlF T Heje + m(-rca X MCMF)

Stort with the defn of angular

momentom of- RB about woving pt A

Halr = J(lfpn X Ypalr) dm
—

= S(Ipc + rCA> X NMeag dwm

—

j Yealr = Mplp — MaiE
= Cee + Ycn) X C Mpcle + Yealr) dm
= Vv -V
EXFOT\A PIF *\F
= S @Pc X \—rPC|F> dm + SCICA B ypc“:) dm = MClF - MP«'F’-‘-
D @ = Vpelr + Yenjr
S (rpc X Mehlp)dm + J (I‘cp. X MC.A\F) dm
©
gimP‘l\'ﬁj
Tevm . S(Ipc X Ypele) dm =  Hepp  (angular momentom of R® abt )
@ by def'w
@ / C‘“’S"b\'ﬂ-
Constant = rCA x { SXP]F dm - fyc]F o\m}
t-v.- . inkeg. linear momentum
of R8
S e %_ Pir = Yo fo@m}
o
= MYee
=  Xea X {M\—/C\F - m\-’c\F}

I
(G



—Cca|F

conshant w.r-t
e ,
Term S@PC X -YCA)F>O|m = S IPC d X v the m*rea.

= ij-Pc - rcn) dm x Meale

= S@P‘§Q>dm X Mealr

(S Xp dm - ICSO\M> X  Yealr

er————— SN

defn of Com v, -

(Y“/_/e_ = 7%_( ) X MoplE

S

I

l

Teem & j(—*—‘c;\ x \-’CMF> dm = Cr“ * \'/c"“’) Sdm

N —————— NN

/ ‘Z
tota|l vnass

constkant tevm M

w- vt ini-@fa-

™M Yo X MCMF

Hajg = Help + ™M Xea X NMeag

The above Qnau\a'r momemtvm transfer ~ule 72 valid for ony
reference [ame F, and therefore 2 alse valid for tnerhal

frames o veference.



Next, we intend 4o .@'nd o -re\a{—foﬂs\nf‘: beltween

_‘:'m: - o%{H“I}II ‘—?j”' M a

H.AI]: — Ma re\a-h’onshi]:

— Consider now '07 as lhe oriair\ Yz
of the inevhial fame ‘T’ \ N
DA
- Pt A s moving veference pt- vnoving
Pt

- Pt C is ke CoM of RB

DI’ Center of
Mass
Usina angulor mementvm tran ofer rule) we can write -
®© Har = Hejz + m(xeax \JCAII>
® Hoix = Heir + w (Xeo ¥ Yeoz)
Substitute Eq-@ in Eﬂ-@ :
Bair = ["_'Iolr - WM (rCo % \-—rcoh:)] + ™ (rCA x \_/ap,h;)

Diffeventiate both sides wrt time in the ‘T’ fame:

/ .H_Al: = _51 {[Holr = ua CrCo * Mccal:l:)] 4+ m (rCAx \-/CAIJ:)}

dt T



&nd axfom)

m}‘ = Har = Mg, <« Net woment due to all ext- fowes
T

and couples about O, O €I

lst awbm)

a (Y‘ x ¥ ‘ = d $x x V Y
d (veon Yere)|. = 485, * Yeurr + Teo x o {vered|
ai co [ ) o o\t'sL co”1 colr co o'l—t-{ col::}' -
= Yeolr X YeolT + Yeq X S ol
o
a (Y‘ Y )t = d A%
— LUXea X Fealz = —--{’-‘:CA} X Yea + Yoo x d v \
dt T dt ‘x T ca olt-{ calz} -
- Vealr * Mealt + Yep X calT
o
HA\: - .\:‘O\I = (rco % g‘CO‘I) e (rCA & ‘Q“CAII)
Q
Yo = YXe _% = Yo 5 Yea = Yo — Ya
o]
Secolr = Zejr - Séu: = @z, Zealz = Z2eiz - 2a1r
Har = Hoir - M (xe x Qcir) + m[rcn. x (Gerz - Q‘hlr):\
—_— -—_—
= Bgr - m (rc"rca) x Gl — ™M XYea x X
S N et
Xa
= Hoiz - oox (m Qoyz) —  Yea % (m Q‘-MI)
——— ‘\.—W_J
= Mg = Fa (net -Force)
(Euler's (Euler's



= \.:lp.u = M, - (rA X ER) - C—‘-‘QA x T“Q_MI)

RECQ“ ‘\_Ao = M" + er x _FE = MA + Y, XER
brom Lec 8 :

Moment dbt pt B due to foree eyctem A

=1 : E J=1 = =t S
— e
Same all L
Ma
N
= My + Zag x(EE{) = MB = Mp + Xpg X F ——@
e —
Cr
) Alternative ?ovrn
= — L
= Ha Ma Yea *x ™ Qg

of Euler’s And
axiom For vooning

vef. point A

Revfsih’ﬂ% Phe quesl-n‘an:
Given any %enef‘ql ?oin“c ‘A mov\'na wx-t- T

-

Ts Bar ~ M, vaup ? ITf 2o, under what

circumstances 7



Circomeltances

Hair = M, i3 valid when
(D) Y = 0 = A=c=cCom
Y X m Qa = O / .
—CA —=Alz = .
° e HC'I = MC I-S ALWA—VS

valid abeutr CaM
OR

@ &alr = O

(Poin{- ‘A‘ s M acce‘erahna

in the inevhal grame)

OR

@ Yen // b Gar

(Pe\'nl- ‘A is o.ccelemh’ng

‘owavde or away erom CGM)
At least cne of the three

conditions wust be wmet for

peint A fov equation Hyp =M,

fo be valid for point A



Aet's take an ex'ozm]:]e o? o vniform Arsc -ro]lina without slp

€

\/B Azé_' & C = Center of moss
uo,::o (3 AT ‘ ‘
9} ch —\ COSQUW‘IIT\& O‘n\%\-m
\/‘ S masgs dfshribuh'on)
A
° F
a =0 I
( NI~ = _E J \/ D = C(eontoet Foin‘l: between
i I—> Vv, , a,
/ \ P\a’ce and disc
vel. aca.

T this examf\e, lets list oubt the Pom-'l-s ‘) Loy tohich

H—P\I = MP s Valfd(.

Poink where valid

Cose T - V,=0 and O4= A, B, C, D E

Reason

a =0
A - _hlz - B \ _\UO)UQ
B — Yea /[ 8pgiT Seir ™~

A
C - Yee =0 (com) . F
) . CQMI"'Q) E

D ICD // Q-DII = w ¥ e

m
I
9

Poink where wvalid

Cose TU . V, 0 and 0,= A, B, C, D E

game ~eoane ags cosce I



Poink where wvalid

Case 1L
A —
B —
CcC =
A ~
D X gpl_t = Qs -e-.‘!. + w?y €.,
E 7< QEII = aoéi # &
Point‘ F _a_Flr = (_wl_(, "I_ao) é] - Yl;b é\2 (Veﬂ{'j)

If U:):‘-O) then Qg becomes Para'liel o Yoe andl Pl‘-
\_/\/—ﬁ—__)
F becomes o valid Foinl‘l acceiem%‘na }ouwards

o awoy ?rom CoM

.. Pl— F  fe valid when w=o0



